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Abstract— In this work it is shown the dynamical behavior of driven complex variable oscillators on Lyapunov
diagrams, through the computation of the Lyapunov exponents spectrum. Here, we consider the largest and
the second largest exponents on Lyapunov diagrams to identify regions of chaotic, quasi-periodic and periodic
behaviors. In these diagrams we show the coexistence of limit cycles, chaotic attractors and 2-tori. Periodic and
quasi-periodic structures embedded in chaotic regions are also observed on the Lyapunov diagrams.
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Resumo— Neste trabalho reportamos a dinâmica de osciladores forçados de variáveis complexas nos diagramas
de Lyapunov, através do cálculo numérico do espectro dos expoentes de Lyapunov. Aqui consideramos o primeiro
e o segundo maior expoente nos diagramas de Lyapunov para identificar regions de caos, de quase-periodicidade
e de periodicidade. Nestes diagramas mostramos a coexistência de ciclos limites, atratores caóticos e Tori-2.
Estruturas periódicas e quase-periódicas imersas em regiões caóticas são também observadas nos diagramas de
Lyapunov.

Palavras-chave— Dinâmica Caótica, Osciladores Forçados, Variáveis Complexas, Estruturas Periódicas.

1 Introduction

The sensitive dependence on initial conditions is
a signature of chaotic behavior (Sprott, 2003).
Nowadays in the literature, a well accepted in-
variant measure that identifies the chaotic mo-
tion in nonlinear systems is the Lyapunov expo-
nents (LEs) (Wolf et al., 1985; Eckmann et al.,
1986; Marshall and Sprott, 2009). More recently,
a growing interest is in the analysis of the LEs
on Lyapunov diagrams, where we associate col-
ors for the largest and the second largest expo-
nent varying simultaneously two system’s param-
eters (Rech, 2011; Bonatto et al., 2011; Gallas,
2010; Albuquerque et al., 2008; Celestino et al.,
2011; Oliveira and Leonel, 2013; Medeiros et al.,
2013; Freire et al., 2012; Zou et al., 2010; Stoop
et al., 2012; Stegemann et al., 2011). Motivated
by recent works of Marshall and Sprott (Marshall
and Sprott, 2009; Marshall and Sprott, 2010),
where were proposed simple oscillators with com-
plex variable z that present chaotic behavior, we
carry out, in this work, numerical studies of three
most representative complex oscillators proposed
by Marshall and Sprott (2009), with the introduc-
tion of another parameter, A. Below, we show the
three equations in the z complex variable, the sys-
tems (1), (2), and (3).

ż + z2 − z̄ + 1 = AeiΩt, (1)

ż + (z − z̄)z + 1 = AeiΩt, (2)

ż + (z2 − z̄2)z + z̄ = AeiΩt, (3)

where z̄ is the complex conjugate of z. Using
the explicit form z = x + iy, for the real vari-
ables x and y, we rewrite the non-autonomous sys-
tems (1), (2), and (3) as the following autonomous
three-dimensional systems,

ẋ = −x2 + y2 + x− 1 +A cos(w),

ẏ = −2xy − y +A sin(w),

ẇ = Ω.

(4)

ẋ = 2y − 1 +A cos(w),

ẏ = −2xy +A sin(w),

ẇ = Ω.

(5)

ẋ = 4xy2 − x+A cos(w),

ẏ = −4x2y + y +A sin(w),

ẇ = Ω.

(6)

The main goal here is to construct the Lya-
punov diagrams for the systems (4), (5), and (6),
varying the parameter pairs (A,Ω) in a grid of
500 × 500 values of parameters. For each pair
we calculate the LEs using the algorithm pro-
posed by Wolf et al. (1985) solving the equa-
tions by the four-order Runge-Kutta method with
time step 1.0 × 10−3 and 5.0 × 106 iterations to
estimate the LEs for each one of the 2.5 × 105

points in the Lyapunov diagrams. The initial con-
ditions were always initiated at (0,−0.5, 0), ex-
cept for the system (6). As observed by Marshall
and Sprott (2009), these systems present multi-
stability regarding with the initialization of the
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systems, therefore, we choose initiate the systems
always with the same above initial conditions, for
each pair of parameters. The Lyapunov diagrams
are constructed with the parameters in each axis
and LEs values codified in a colors range. In Sec-
tion 2 we show the Lyapunov diagrams of the sys-
tems (4), (5), and (6), with bifurcation diagrams
and attractors, and discussions concerning the re-
sults. Section 3 is brief summary.

2 The Lyapunov Diagrams

In this section we initiate with the analysis for
the system (4). Figure 1 shows the Lyapunov di-
agram for the largest exponent of the LEs spec-
trum. Black regions identify periodic behavior,
yellow and red ones chaotic behavior. A sequence
of periodic structure is observed, where the hook-
shaped periodic structures organize themselves
in a period-adding cascade, as they accumulate
in the upper period-1 boundary of the diagram.
The period-adding was also observed by Marshall
and Sprott (2009), but just analyzing attractors.
This period-adding cascade and the upper peri-
odic boundary can be better visualized in the bi-
furcation diagram of Fig. 2, where it was con-
structed along the red line of Fig. 1. Figure 3
shows some representative attractors of the peri-
odic structures and chaotic regions. Other fea-
ture of the upper period-1 boundary, as can be
observed in right side of the bifurcation diagram
of Fig. 2, is the bifurcation route to chaos by cri-
sis, from decreasing values of Ω starting at 1.1.
Similar hook-shaped periodic structures in chaotic
regions were also observed by Viana et al. (2010)
and Viana et al. (2012), for a forced Chua’s cir-
cuit.

Figure 1: Lyapunov diagram of system (4) for
the largest exponent. The right color bar identi-
fies in colors the exponent values. The red line
at A = 1 limits the studies reported by Mar-
shall and Sprott (2009), and identifies the direc-
tion of the bifurcation diagram show in Fig. 2.
The points market with 1, 2, 3, 4, 5, and 6 repre-
sent the pair (A,Ω) of the attractors in Fig. 3.

The dynamics of the system (4) on the Lya-
punov diagram of Fig. 1 revealed only the presence

Figure 2: Bifurcation diagram along the red line
of Fig. 1, with 0.93 ≤ Ω ≤ 1.1 and A = 1. The
arrows and the numbers indicate the positions of
the attractors shown in Fig. 3. The upper periodic
boundary is the period-1 region at the right side
of the diagram.

of periodic and chaotic behaviors, at least in the
parameters range studied. However, a more rich
dynamical behavior is shown by the system (5),
where coexist in the same Lyapunov diagram,
quasi-periodic, periodic and chaotic behaviors, as
already observed by Marshall and Sprott (2009).
Figure 4 shows the Lyapunov diagram of the sys-
tem (5) for the largest exponent of the LEs spec-
trum, and in Fig. 5 we show the Lyapunov dia-
gram for the second largest exponent. The main
reason to present these two Lyapunov diagrams
for the two largest exponents of the LEs spec-
trum of the system (5) is to identify the regions
of quasi-periodicity, periodicity and chaos. It is
well known that for a three-dimensional system,
the LEs spectrum has three values, and for each
behavior of the system we can associate it with
the signs of the three exponents. For example,
for fixed points, the three exponents have neg-
ative values, for periodic behavior (limit cycles)
one exponent has a null value and the last two
have negative values. For quasi-periodic behavior
(torus-2) two exponents have null values and the
last one has negative value. Finally, for chaotic
behavior one exponent has a positive value, one
has a null value, and the last one has a nega-
tive value. Therefore, for the system (5) if the
largest exponent of the LEs spectrum has null or
positive value, in the Lyapunov diagram for this
largest exponent (Fig. 4) will have black or yel-
low/red regions, respectively, and the system be-
havior will be quasi-periodic/periodic or chaotic,
respectively. If the second largest exponent of the
LEs spectrum for the system (5) has null or neg-
ative value, in the Lyapunov diagram for this sec-
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Figure 3: Attractors for the parameters (A,Ω) in-
dexed by the respective numbers at the bottom
right, and that are shown in Figs. 1 and 2.

Figure 4: Lyapunov diagram of system (5) for
the largest exponent. The right color bar iden-
tifies in colors the exponent values. The blue line
at A = 1 limits the studies reported by Mar-
shall and Sprott (2009). The points market with 1
up to 12, represent the pair (A,Ω) of the attractor
in Fig. 6. Here, black regions are quasi-periodic
or periodic behaviors, and yellow/red regions are
chaotic behaviors.

ond largest exponent (Fig. 5) will have black or
white regions, respectively, and the system behav-
ior will be quasi-periodic/chaotic or periodic, re-
spectively. Summarizing, for the system (5) quasi-
periodic behavior is identified by black regions in
Fig. 4 and black regions in Fig. 5. Periodic behav-
ior is identified by black regions in Fig. 4 and white
regions in Fig. 5. Chaotic behavior is identified by
yellow/red regions in Fig. 4 and black regions in
Fig. 5. To corroborate, in Fig. 6 we present some
attractors for the pair (A,Ω) located at the points
indexed by the numbers in Figs. 4 and 5.

With Figs. 4, 5, and 6 is possible to localize
regions and structures of quasi-periodicity and pe-
riodicity embedded in chaotic regions. For exam-
ple, the attractors 3, 4, and 5 are quasi-periodic
attractors (or torus-2 attractors) and they coexist
in regions with periodic attractor (limit cycles at-

Figure 5: Lyapunov diagram of system (5) for
the second largest exponent. The right color bar
identifies in colors the exponent values. The blue
line at A = 1 limits the studies reported by Mar-
shall and Sprott (2009). The points market with 1
up to 12, represent the pair (A,Ω) of the attractor
in Fig. 6. Here, black regions are quasi-periodic or
chaotic behaviors, and white regions are periodic
behaviors.

Figure 6: Attractors for the parameters (A,Ω) in-
dexed by the respective numbers at the bottom
right, and that are shown in Figs. 4 and 5.

tractors). An interesting observation is regarding
with the quasi-periodic attractor 5. It is local-
ized in a quasi-periodic structure embedded in a
chaotic region (see the region with the point 5 in
Figs. 4 and 5) once that this structure appears
black in Figs. 4 and 5. The attractors 1, 2, 6, 7,
and 8 in Fig. 6 are periodic and they are local-
ized in regions and structures of periodicity. The
attractors 9, 10, 11, and 12 are quasi-periodic at-
tractors and they are localized in regions of quasi-
periodicity (see the left side of Figs. 4 and 5). In
Table 1 we show some representative values of the
LEs spectrum of the attractor of Fig. 6 with the
goal to show the good accuracy that we have for
compute the LEs spectrum and distinguish the
quasi-periodic, periodic and chaotic behaviors on
Lyapunov diagrams.

The last system analyzed was the system (6),
for which we use the initial conditions (0,−0.7, 0).
Fig. 7 shows the Lyapunov diagrams for the
largest exponent, where black regions are quasi-
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Table 1: Lyapunov exponents for some attractors
(n) of Figs. 6, 9 and 12. All Tori listed bellow
are related to the quasi-periodic motion. TA, T-
2, Pe, and Ch mean: type of attractors, torus-2,
periodic, and chaotic, respectivelly.

Fig. n λ1 λ2 λ3 TA

6 3 0 −0.0000 −0.0002 T-2
6 5 0.0000 0 −0.0001 T-2
6 6 0 −0.03 −0.46 Pe
6 12 0.0000 0 −0.0002 T-2
9 1 0 −0.1532 −0.1538 Pe
9 2 0.086 0 −0.155 Ch
9 3 0.0005 0 −0.0010 T-2
12 5 0 −0.060 −0.096 Pe
12 6 0.19 0 −0.27 Ch

periodic or periodic behaviors, and yellow/red re-
gions are chaotic behaviors. As previously com-
mented, black regions in this diagram can be pe-
riodic or quasi-periodic behaviors, yellow/red re-
gions are chaotic behavior. In Fig. 8 we present

Figure 7: Lyapunov diagram of system (6) for the
largest exponent. The right color bar identifies
in colors the exponent values. The dotted blue
line at A = 1 limits the studies reported by Mar-
shall and Sprott (2009). The solid blue line, also
at A = 1, represents the direction of the bifurca-
tion diagram of Fig. 8. The points market with 1,
2, and 3, represent the pair (A,Ω) of the attractor
in Fig. 9. Here, black regions are quasi-periodic
or periodic behaviors, and yellow/red regions are
chaotic behaviors.

the bifurcation diagram along the solid blue line
at A = 1 in Fig. 7, and in Fig. 9 we show three at-
tractors in different positions along the blue line in
Fig. 7. Three regions with distinct behaviors can
be observed in the bifurcation diagram and cor-
roborated by the attractors of Fig. 9, namely pe-
riodic behavior (attractor 1), chaotic behavior (at-
tractor 2), and quasi-periodic behavior (attractor
3). We observe that the quasi-periodic and peri-
odic behaviors are indistinguishable on Lyapunov
diagram for the largest exponent, because both
have a null largest exponent (see the points 1 and
3 in Fig. 7). However, in the bifurcation diagram,
Fig. 8, the differences comes clear, once that the

Figure 8: Bifurcation diagram along the solid blue
line of Fig. 7, with 0.6 ≤ Ω ≤ 1.8 and A = 1. The
arrows and the numbers indicate the positions of
the attractors shown in Fig. 9.

Figure 9: Attractors for the parameters (A,Ω) in-
dexed by the respective numbers at the bottom
right, and that are shown in Figs. 7 and 8.

periodic behaviors appear as a set of points form-
ing sharp thin lines (the region around the index
1), and quasi-periodic behaviors appear as a set of
compact and dense points but with sharp borders
(the region around the index 3) instead of chaotic
behaviors, where the set of points is dense but
not compact with unlimited borders (the region
around the index 2). The quantitative differences
appear in the LEs spectrum of these three attrac-
tors, as seen in Table 1. An interesting pattern
of periodic structures can be seen in the region
inside the box A of Fig. 7. The zooming of this
box is shown in Fig. 10, where a set of periodic
structures with the same shape are seen. Fig. 11
shows a bifurcation diagram along the blue line
of Fig. 10 that cross the two main periodic struc-
tures and a third one between the two. Fig. 12
shows the attractor indexed by the numbers 4 up
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Figure 10: Lyapunov diagram of the box A of
Fig. 7 for the largest exponent. The right color
bar identifies in colors the exponent values. The
blue line at A = 2.24 represents the direction of
the bifurcation diagram of Fig. 11. The points
market with 4 up to 7, represent the pair (A,Ω)
of the attractor in Fig. 12. Here, black regions
are periodic behaviors, and yellow/red regions are
chaotic behaviors.

to 7 along the blue line of Fig. 10, and their posi-
tions by red arrows on the bifurcation diagram of
Fig. 11. Table 1 shows the LEs spectrum for the
attractors 5 and 6. These attractors have a very
complex topology, and in the bifurcation diagram,
we can observe the high-periodicity of the attrac-
tors 4, 5, and 7. Observing the attractors 4 and 5,
and their positions on the bifurcation diagram, it
seems that a period-adding occurs from attractor
4 to attractor 5.

Figure 11: Bifurcation diagram along the blue line
of Fig. 10, with 6.4 ≤ Ω ≤ 7.3 and A = 2.24. The
arrows and the numbers indicate the positions of
the attractors shown in Fig. 12.

3 Summary

By the use of the LEs spectrum, we constructed
Lyapunov diagrams with the largest and the sec-
ond largest exponent to show the rich dynamics of

Figure 12: Attractors for the parameters (A,Ω)
indexed by the respective numbers at the bottom
right, and that are shown in Figs. 10 and 11.

three driven oscillator models which the three dif-
ferential equations with real variables can be de-
scribed by a single differential equation with com-
plex variable. The previously reported oscillators
are one-parameter models, and in our work we
introduced a new parameter, such that now the
oscillators are two-parameter models. With this
procedure was possible to study their dynamical
behavior on Lyapunov diagrams.

Varying simultaneously the two parameters
(A,Ω) of the systems (1), (2), and (3), was possi-
ble to observe on the Lyapunov diagrams regions
of quasi-periodicity and periodicity immersed in
chaotic regions. The bifurcation diagrams were
also used as well as the attractors to corroborate
the assumptions provided by the Lyapunov dia-
grams.

The method of compute the LEs spectrum
and study the dynamics of systems in the Lya-
punov diagrams constructed with the largest and
with the second largest exponent proved to be
powerful to characterize the dynamics of nonlinear
systems.
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