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Abstract. We study impulsive optimal control problem and apply a theory called consistent
approximations which was introduced in [1,2]. From an infinite dimension problem (P),
we can build a sequence of discrete problems (Py) with finite dimension. We show that
these discrete problems epi-converge to (P) which ensures that all sequence of global or
local minimum of (Py) that converge, will converge to a global or local minimum of (P),
respectively.
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1 Introduction

There exist many papers that discuss optimality conditions for impulsive optimal con-
trol problems where the control systems involve measures. On the other hand, the litera-
ture about numerical methods for impulsive optimal control problems is rather scarce.

We show that an impulsive optimal control problem can be discretized by Euler’s
method to generate a subsequence of optimal trajectories of Euler that converges to an
optimal trajectory of the continuous problem, using an appropriate metric.

2 Theory of Consistent Approximations

Let B be a normed space. Consider the problem

(P) min f(z), (1)
€S
where f : B — R is continuous and S¢ C B.
Let AV be an infinite subset of N and {Sn } nen be a family of finite dimension subspaces
of B such that Sy, C Sn, if N1 < N2 and USy is dense in B. For all N € N, let
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fn : Sy — R be a continuous function that approximates f(-) over Sy, and let Sc.ny C Sy
be an approximation of S¢. Consider the approximated problems family

(Py) min fy(z) N eN. (2)

z€Sc N

Definition 2.1. Suppose that the functions f(-) and fn(-) and the sets B, S¢, Sy and
Sc,n are defined as above.

i) We say Py epi-converge to P if:

a) For all v € Sc there exists a sequence {xn }nen, with xn € Sc N, such that zxn —N g,
with N — oo, and limfx(zx) < f(z);

b) For all infinite sequence {xn}nex, K C N, such that xn € Scn, for all N € K, and
zy =% 2, with N — oo, then z € S and lim yexfy(zy) > (7).

ii) We say the upper semicontinuous functions yn : Sc,n — R are optimality functions
for the problems (Pyn) if yn(n) <0,V n € Son and if in is a local minimizer of (Py)
then yn () = 0. We can define the optimality function v : Sc — R for (P) in the same
way.

iit) The pairs (Py,yn) of the sequence {(Pn,VYN)}Nen are consistent approrimations to
the pair (P,v) if Py epi-converge to P and for all sequence {xn}nen where xn € Son
and xn — = € S we have limyy (zn) < ().

3 The Impulsive System

Consider the impulsive system
dr = f(z,u)dt + g(z)dQ,t € [0,T], 3)
2(0) =¢" €,

where f: R" x R™ — R" is linear in u, g : R™ — M,,»4, where M,,, is the space of n x ¢
matrices whose entries are real, C C R" is closed and convex, the function w : [0,7] — R™
is Borel measurable and essentially bounded, Q := (u, |v|,1y,) is the impulsive control,
where the first component p is a vectorial Borel measure with range in a convex, closed
cone K C RZ. The second component is such that there exists puy : [0,7] — K so that
(uns lpn|) =% (p,v). As K € RY we must have v = |u|. The functions ¢y, : [0,1] — K
are associated to the measure atoms, that is, {14, }iez where Z is the set of atomic index
of the measure pu and we define © := {t; € [0,T] : u(t;) # 0}, where p(t) is the vectorial
value of the measure in K. They are measurable, essentially bounded and satisfy

i) ?:1 ng(a)\ :.’N’(ti) a.e. o € [0,1];
i) [y el (s)ds = (t), j=1,2,....q,

for all t; € ©.
The functions )¢, (-) are given us information about the measure p during the atomic
time t; € O©.
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3.1 The Reparametrized Problem

Firstly, we study the impulsive system given by (3). For this, let Q = (u, v, {11, }+,c0)
be an impulsive control and an arbitrary vector €0 € R™. Denote by &}, (+; %) the solution
to the system

Xti(s) = Q(Xti(s))wti(s)a ERS [0’ 1]7
X;,(0) = 50'
Consider

zy = (2(), {A; () }rie0), (4)

where ¥ := (u,Q), z(-) : [0,7] — R™ is a function of bounded variation with the disconti-
nuity points in the set © and {A&%, () }+,co is the collection of Lipschitz functions defined
above.

According to [3], there exists (6(-), ¢(:)) the graph completion of the measure p.

Definition 3.1. Let

y(s) = {x(e(s)) ifs € [07 1] \ (UiEIIi),

X, (o, (s)) ifs € I;, for somei € T.

(5)
Then yy := y is a reparametrized solution of (3) since y(+) is Lipschitz in [0, 1] and satisfies

{y(s) = f(y(s),u(8(s)))0(s) + g(y(5))d(s) a.e. s € 0,1], (6)

The next theorem is proved by [4].

Theorem 3.1. Suppose that the impulsive control ) is given and xy is as defined in (4).
Then, yy is a reparametrized solution of (3) if and only if xy is a solution of (3).

4 The Impulsive Optimal Control Problem

Denote by L5'[0, T'] the set of all functions defined from [0, T'] to R™ that have integrable
square.
Let Bmax € (0,400) be such that every control u belongs to the ball B(0, fypax) :=
{u € R™; [Julloo < Bmax}-
Define X
U:= {u € L?O,Q[O,T]; HUHOO < Wﬂmax}a

where w € (0,1) and L} 5[0, 7] is the set of all functions defined from [0, 7] to R™ that
are essentially bounded. We consider the Ly norm over it.
Now, we define the set of constraints of the control u by

U:={ue Z];u(t) €U C B(0,wfmax) a.e. t€[0,T]},

where U C R™ is a convex, compact subset of the ball B(0,wSBmax)-
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Consider the impulsive optimal control problem

min  f°(x(0), 2(T))
(P) dx = f(z,u)dt + g(z)dQ a.e. t € [0,T],
z(0) € C, u €U, gesupyepor |z(t)| < L,

where f0: R” x R® — R is continuous, L > 0 is given and the other functions and sets
are defined as above. Here,

ge sup |z(t)| = sup [y(s)].
t€[0,T7] s€[0,1]

Assumption 1. a) The functions f(-,-) and g(-) are C*, and there exist constants K'| K" €
[1,00[ such that, for all x,& € R"™ and u,u € B(0, Bmax) we have

[f(@ou) = f(@,0)] < K '[lz = &+ |lu—al), |lg(x) - g(@)l| < K" |o - 2],

b) The function fO(-,-) and its first derivative are Lipschitz and is C' over bounded set.
¢) The impulsive system given by

dr = f(z,u)dt 4+ g(x)dQ a.e. t € [0, T, (7)
z(0)=¢"€C, uel, gCSuPye(o,1] lx(t)| < L,

where all the variables are like above, is controllable.
We define the set of constraints of the control u o 6 by
Ue = {t € Uy;i(s) €U C B(0,wPmax), a-e. s €[0,1]},

where Bmax, U and w are the same and U; = {a € L 510, 1]; il oo < wBmax}-
Define

Sc:={nelCxUcxP: sup |y'(s)| <L},
s€[0,1]

whose Uc is as defined above and P is the set of all  := (u, |v|, {11, }) that satisfies the
assumptions of the system (3). We represent by y"(-) the solution of the system (6) for
each n € S¢.

We obtain the following reparametrized problem

(Prep) min f2(y"(0),5"(1).
nesc

As (P) and (Prep) has the same solution, up to reparametrization, we will use the
consistent approximations in (Pyep).

DOI: 10.5540/03.2017.005.01.0037 010037-4 © 2017 SBMAC


http://dx.doi.org/10.5540/03.2017.005.01.0037

Proceeding Series of the Brazilian Society of Applied and Computational Mathematics, Vol. 5, N. 1, 2017.

5 Approximated Problems

We need a metric over the space Sc.. Consider Qy = (u1, |p|, {0} }), Q2 = (u2, [p2l, {¥7}) €
P. We need to define a metric in the measures space P. Consider the metric given by

d3(Q1,Q2) = ds (1, Q2) + d5(, Qa),
where dy(+,+) is a metric given by [5],

da (1, 92) = [(pa, |pa [0, T] — (pa, |p2])[0, T

+ o EL(E (e, |a])) — Fa(ts (2, Jp2])]dt + maxgepo ) |61(5) — éa(s)],

and ds(-, ) is related to the graph-convergence given by [6],

1 1
5(0.92) = [ 101(5) ~ bu()lds+ [ 161(5) — das)lds.
0 0
Note that Sc C R"™ x L 4[0,1] x P =: B. Define d = dy + da + d3 the metric over B,
where d3 is given above and
1
dl(fo,fl) = ‘50 — flan and dg(ul,UQ) = / \ul - u2|%{md8.
0

We want to get consistent approximations to the problem (Pyep,). For this, define the
sets
N = {2"}7°, and Sy :=Cy x L x Py for all N € N,

where Cy :=R" VN € N,

N—-1
= {UNELOOQ[O 1 UN ZukTNk
k=0

with u, € R™ and

1 Vsel[k/N,(k+1)/N[if k<N —2,
~k(s) =<1 Vse[k/N,(k+1)/N] if k=N —1,

0 otherwise,
and Py is given by

Py = {(un, [un],0) - un([0,2]) :== Fn (1)},

where |un| is the variation of the measure py, Fx(0) = 0 and over |0, T

N-1
t) = Z Tk (t)
=0
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-b )7Vt € [{k7{k+1]a
< LTN =T,

and

TN E(t) = k—O,...,N 1,0=1y < ...
0 otherwise,

with b, € K for all kK =0,..., N — 1. Note that uy is an absolutely continuous measure
from [0,7T] to K (K is convex) for all N € N. Furthermore, the graph completion of uy
is defined by Oy : [0,1] — [0,7] and ¢y : [0,1] — K as

On(s) =1t + ®

S _
i (tg+1 — tx) whenever s € [sg, Sgi1],

ON(s) := Fnyofn(s),
where h = 1/N, s, = kh and k =0, ..., N — 1, and it should satisfies:
i) There exists a constant b > 0 so that ¢ (-) is Lipschitz of rank b for all N € N;
ii) There exists a constant r > 0 so that limsupy_,o [|¢N()|lec < 7
All the results enunciated from here are proved in [7].

Lemma 5.1. UPy is dense in P.

By the density of the union of each set, it follows that USy is dense in B.
Given n = (&y, un, S0n) € S, we can use the Euler’s descretization to get the discrete

dynamic below by the continuous dynamic given by (6). In this way, take N € N, h =1/N
the step size and s, = kh, £k =0,..., N. We have
F (W (sk), un(si)) (9N(8k+1)

+9 (Y (sk)) (dn (sk+1) — dn(sk)

k)

(s
k=0,...,N -1, y3(0) = &%,

yx (sk1) — yh(sk) = 0N
)

where 6y : [0,1] — [0,7] and ¢ : [0,1] — K are as defined in Py.
Define
SCN —{UNESCN ]y ( )‘ SL—Fl/N Vs € [0,1]}7

N (sk), k=0,...,N.

where 7V (-) is given by the linear interpolation of the points
YUn g Y Yn

Theorem 5.1. Sc¢ N N Sc, N — oo.
Then, we get the approximated problems

(PSY)  min fR(y%(0),y% (1) where fR(y%(0),5%(1)) = fO(EX, yX (1))

rep
Theorem 5.2. Suppose that Assumption 1 holds. Let
(€0, 0,0, ) )

l\D\H

) i= min (V76,6 €) +
neSc
(€%,97(1)), d = dy +do +dy and v : S¢c — R. Then v is an
We can define vV - Sc.n — R in same way
PGY).

with € := (€%, y7(1)), & :=
optimality function to the problem (Prp).
we just defined (-) and have that Y&V is an optimality function to the problem (
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Theorem 5.3. Suppose that Assumption 1 holds. Then, {(Pq%gN, YN Nen is a sequence
of consistent approzimations to the pair (Prep,).

Theorem 5.4. Let (Pg’pN) and (Prep) be defined as before. Let {nn}nen be a sequence
of local (respectively, global) minimizers of (Pr(é})N) such that ny —¢n, with N — oo and
n € Sc. Thenn is a local (respectively, global) minimizer of (Prep) and there exists I C N
such that f (&%, v (1)) = fO(€°,y"(1)), with N — oo, N € K.

Suppose {nn}nen C Sc,n is a sequence of global minimizers of (PTC;’I)N) that is con-
verging to € S¢ in the metric d. By Theorem 5.4, 1 is a global minimizer of (Prep).
Then y"(-) given by (6) is the function that minimizes (P,..p). From y"(-) is possible to

find z(-) that minimizes (P).

6 Conclusions

This work aims to contribute with the presentation of the Euler’s method application
for impulsive optimal control problems. We are contributing with the literature because
there are not many works about approximation in the impulsive optimal control case.
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