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Graphs with few distinct eigenvalues and extremal energy
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Among the various spectral parameters studied in the Spectral Graph Theory, one can highlight
the energy of a graph, introduced by I. Gutman in 1978 [4]. The energy of a graph G with n vertices
is defined as

E (G) =

n∑
j=1

|λj |, (1)

where λ1 ≥ λ2 ≥ · · · ≥ λn are the eigenvalues of the adjacency matrix of G. Graph energy has
been extensively studied (see for intance [7]).

Nikiforov noted in [9] and [10] that research on matrix norms is related to the study of graph
energy. The trace norm ‖M‖∗ of a matrix M is the sum of its singular values, which for a real
symmetric matrix are exactly the modules of its eigenvalues. Hence the trace norm of the adjacency
matrix A = A (G) of a graph G is the energy of G, that is ‖A‖∗ = E (G).

Nikiforov in [10] gives bounds on the trace norm of matrices that extends previous results of
Koolen and Moulton [6] for bounds on graph energy. In particular he gives a lower bound on the
trace norm of matrices with rank at least 2. His bound gives a lower bound for the energy of a
nonempty graph, i.e. a graph with at least one edge. In the same work he proposed the following
problem, which is the aim of this work: give a constructive characterization of all graphs G such
that the nonzero eigenvalues of G other than its largest eigenvalue have the same absolute value.
Finding the solution of this problem would characterize the graphs that satisfy the equality in the
lower bound for graph energy given by Nikiforov.

Furthermore, it is easy to see that if a graph satisfy the problem proposed by Nikiforov then
it has at least 2 and at most 4 distinct eigenvalues. Graphs with few distinct eigenvalues form
a largely studied class of graphs because they tend to have some interesting properties. A first
nontrivial family of such graphs are the strongly regular graphs (the regular graphs with exactly
three distinct eigenvalues), and we can consider other graphs with few distinct eigenvalues as a
generalization of them. These graphs have been studied by several authors in many research papers
(see for instance [2], [3], [5], [8], [11], [12], [13]).

The present work brings our results published in [1] in the study of the graphs that satisfy the
problem proposed by Nikiforov.
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Nelcy Arévalo thanks CAPES for their support.

References
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