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Abstract. This work extends the study of properties related to the Generalized Atanassov’s
Intuitionistic Fuzzy Index, by considering the concept of conjugate fuzzy implications,
mainly interested in the class of S-implications.
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In order to deal with the available information in fuzzy reasoning systems, the Atanas-
sov’s intuitionistic fuzzy approach allows two non-complementary freedom degrees named
as membership and non-membership degrees. The flexible relationship between these non
complementary membership functions is formally expressed as the Atanassov-intuitionistic
fuzzy index (A-IFIx), also called as hesitancy (indeterminance) degree of an element in
an Atanassov-intuitionitic fuzzy set. Since there are applications in which experts do not
have precise knowledge, it formalizes the expression related to the expert uncertainties
or lack of information in identifying a particular membership function. In addition, the
A-IFIx provides a measure of the lack of information for or against a given proposition
based on Atanassov-intuitionistic fuzzy logic (A-IFL).

Despite so many applications of A-IFI in modelling inference rules in fuzzy reasoning,
in [4] a new concept — the Generalized Atanassov’s Intuitionistic Fuzzy Index (A-GIFIx) is
characterized in terms of fuzzy implication operators which is described by a constructive
method making use of automorphisms. In [5], by means of special aggregation functions
applied to the A-GIFIx, the Atanassov’s intuitionistic fuzzy entropy is discussed and some
examples are analysed.

Extending these previous researches, this work contributes with the study of properties
related to A-GIFIx, considering the concept of conjugate fuzzy implications, mainly inter-
ested in the class of S-implications and corresponding dual constructions. Additionally,
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A-GIFIx associated with both standard negation and well known fuzzy implications are
considered: Lukaziewicz, Reichenbach, Gaines-Rescher and I3g [9].

The preliminaries describe the basic properties of fuzzy connectives and basic concepts
of A-TFL. The study of the A-GIFIx and general results in the analysis of its properties
are stated in Section 2. Final remarks are reported in the conclusion.

1 Preliminaries

We firstly give a brief account on FL, keeping this paper self-contained by reporting
basic concepts of automorphisms, fuzzy negations on U = [0, 1] and main properties of
fuzzy implications.

1.1 Fuzzy connectives

By [8, Def. 4.1], an automorphism ¢ : U — U is a bijective, strictly increasing
function:
Al : z<yiff ¢(z) < ¢(y), Vx,y € U.
In [6], an automorphism ¢ : U — U is a continuous, strictly increasing function such that
A2 : ¢(0) =0 and ¢(1) = 1.
Let Aut(U) be the set of all automorphisms. Automorphisms are closed under composition,
po¢ € Aut(U), Vo,¢' € Aut(U), and there exists the inverse ¢~ € U, such that
A3 : poo ! =idy, Vo € Aut(U).

Thus, (Aut(U),o) is a group, with the identity function being the neutral element.
The action of an automorphism ¢ : U — U on a function f : U™ — U, called conjugate
of f, and given by

Fo@ryean) = 7 (f(0(21),- -, Blan))). (1)
A function N : U — U is a fuzzy negation (FN) if

N1 : N(0)=1and N(1) =0; N2: If z >y then N(z) < N(y), Vx,y € U.
FNs satisfying the involutive property given below are called strong fuzzy negations [6]:
N3 : N(N(z)) ==x«,Vx € U.

By [7], a fuzzy implication I : U?> — U satisfies the conditions:

I1: If x < z then I(z,y) > I(z,y); 12: If y < z then I(z,y) < I(x, 2)
13: 1(0,y) =1 14: I(z,1) =1
I5: 1(1,0) = 0.
Several reasonable properties may be required for fuzzy implications:
I6: I(1,y) =y ; 17: I(z, 1(y, 2)) = I(y,I(z, 2)) ;
I8: I(z,y) =12 <y 19: I(z,y) = I(N(y),N(z)), N is a SFN;

110: I(z,y) =0< x=1and y = 0;
If I : U? — U is a fuzzy implication satisfying I1, then the function Ny : U — U
defined by
Ni(z) = I(,0) (2)

DOI: 10.5540/03.2017.005.01.0103 010103-2 © 2017 SBMAC


http://dx.doi.org/10.5540/03.2017.005.01.0103

Proceeding Series of the Brazilian Society of Applied and Computational Mathematics, Vol. 5, N. 1, 2017.

is a fuzzy negation [3, Lemma 2.1].
Let S be a t-conorm and N be a fuzzy negation. An S-implication [3,6,7] is a fuzzy
implication Ig n : U 2 — U defined by

Isn(z,y) = S(N(2),y). 3)

In this paper, such S-implications are called strong S-implications. In [10, Theorem
3.2] I:U% — U is a strong S-implication if and only if it satisfies 11,12, 16, I7 and 19. a
characterization of strong S-implications considering 11, I4 and I7. Strong S-implications
satisfy I3, 14, I9 and properties below:

I11: I(z,y) > Ni(x); I12: I(x,y) =0 if and only if z =1 and y = 0.

1.2 Intuitionistic Fuzzy Connectives

According with [1], an intuitionistic fuzzy set (IFS) A; in a non-empty, universe x;, is
expressed as Ar = {(x, pa(z),va(x)) : € x, pa(z) +va(zr)) <1}. Thus, an intuitionistic
fuzzy truth value of an element x in an IFS A7 is related to the ordered pair (pu4(z),va(z)).
Moreover, an IFS A generalizes a FS A = {(z,pa(x)) : © € x}, since va(z), which
means that the non-membership degree of an element z, is less than or equal to the
complement of its membership degree p4(x), and therefore v4(z) is not necessarily equal
to its complement 1 — p14(x).

Let U = {(x1,22) € U?|z; < Ng(22)} be the set of all intuitionistic fuzzy values and
lg :U — U be the projection functions on U, which are given by I (Z) = l(z1,22) = 11
and rg () = rg (w1, 22) = 22, respectively.

Thus, for all X = (Z1,...,&,) € U", such that &; = (241, xs2) and x;1 < Ng(x;2) when
1 <4 < n, considering lg,, g : U™ — U™ as the projections given by:

lUn(i) = (lﬁ(fl),lﬁ(fg),. ..,ZU(CEn)) = (51:11,3;21,.. .Jjnl); (4)
T'Un (5() = (7’0(1‘1), TU(i'Q), e r(j(jn)) = (1‘12, L9224y« .’L‘ng). (5)
y[1 ] rI,y e U the order relation < is given as & < § < x1 < y1 and x2 > ¥p,
such th t 0= ( 1) <z Z and 1= (1,0) > 2. Moreover, the expression is known:
=g ¥ < r1 <y and 2 < yo. (6)

Additonally, a function 74 : x—U, called an intuitionistic fuzzy index (IFIx) of an
element = € y, related to an IFS A is given as

ma(z) = Ns(pa(z) +va(z)), Vo € x, pa(z) + va(z) < 1. (7)

Such function provides the hesitancy (indeterminance) degree of x in A. Based on this,
the accuracy function hy : x—U provides the accuracy degree of x in A, given as:

ha(z)+7ma(z) =1 (8)

Therefore, the largest m4(x) (ha(x)), the higher the hesitancy (accuracy) degree of = in
A.
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An intuitionistic fuzzy negation (IFN shortly) Ny : U — U satisfies, for all z,j € U,
the following properties:
N1 : N7(0)=N;(0,1)=1 and N7(1)= N;(1,0) = 0;
N;2: If £ > g then N](f) < N[(gj)
Additionally, Ny is a strong intuitionistic fuzzy negation (SIFN) verifying the condi-
tion:
N;3: Ny(N;(2)) =%,V e U.

Consider N7 as IFN in U and f : U" — U. For all X = (&1, ...,%,) € U™, the N;-dual
intuitionistic function of f, denoted by fN, : U™ — U, is given by:

(%) = Ni(f(N1(#1), .-, Ni(@n)))- (9)

When N; is a SIFN, f is a self-dual intuitionistic function. Additionally, by 2], a
SIFN Ny : U — U is a SIFN iff there exists a SFN N : U — U such that: N;(z) =
(N(Ng(z2)), Ng(N(x1))). Additionally, if N = Ng, we have that N;(Z) = (x2,x1).

2 Generalized Atanassov’s Intuitionistic Fuzzy Index
Definition 2.1. [5, Definition 1], A function I1 : U — U is called a generalized intu-

itionistic fuzzy index associated with a SEFN N (A — GIFI1xz(N)) if, for all x,y,z,t € U,
it holds that:

IT1: II(z,y) =1 if and only if v =y = 0; I12: I(z,y) = 0 if and only if x +y = 1;
T03: if (2,1) =g (2,y) then W(w,y) < (z,8); TI4: T(z, ) = T(N;(z,)) when
Ny is a SIFN.

Proposition 2.1. [5, Theorem 3] Let Ny be a SFN. A function Il : U — U is a A —
GIFIx(N) iff there exists a function I : U? — U wverifying 11, 18 19 and 110 such that

r(z,y) = NUI(1 =y, )). (10)

See Table 2, illustrating Prop. 2.2 by presenting examples of A-GIFIx associated with
following fuzzy implications: Ry, Lukaziewicz, Reichenbach, Gaines-Rescher and I3 [9].

2.1 A-GIFIx and conjugate fuzzy implications

Proposition 2.2. Let Ny be a SFN, ¢ € Aut(U) and I? : U? = U be a ¢-conjugate of
I:U? = U. A function I1: U — U given by

po(z,y) = N*(I°(1 -y, ). (11)
is a A — GIFIz(N) whenever Ilj:U — U is also a A — GIFIz(N).

Proof. (=) Suppose that 1 : U — U, Hy(z,y) = N(I(1 —y,z)), is a A — GIFIz(N).
Then, I,1% : U? — U wverify 11, 18 19 and 110. For Tl s(x,y) = N®(I®(1 — y,z)) the
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Table 1: Generalized intuitionistic fuzzy index associated with the standard negation.

Fuzzy Implications A—-GIFlIx
1, if x <y, 0, ifet+y=1,
Io(z,y) = {max(l — x,y), otherwise; Mo (z,y) = {1 — max(z,y), otherwise;
1, if x <y, 0, ifx+y=1,
Ik (z,y) = {1 — 2 4y, otherwise; Mk (z,y) {1 — z — vy, otherwise;
1, ifx <y, 0, ife+y=1
Irp(2,y) = {1 — x + xy, otherwise; Mrp(@,y) = {1 — & —y + xy, otherwise;
1, itz <y, ife+y=1,
Igr(z,y) = {0’ otherwise:; ler(x {1 otherwise;
Io(, 1) = min(l-z,y,0.5), if O<z<y<l, Tyo (2, y) = 1-min(z,,0.5), ;fn(zl<;,_yf11
30\ Y) = min(+ z,y), otherwise; L Y) = . U
1-min(z,y), otherwise;

following holds:
M1 : N°(I°(1 —y,z)) =1 I°(1—y,z) =0, by N3
¢ (1(o(1 —y), ¢(x))) =0, by Eq.(1)
I(¢(1—y),¢(x))) =0, by A2, A3
(1 —y)=1landp(z) =0, byI10
l—y=landx=0<y=0andz =0, by A2
I°(1—y,z) =1, by N3
671 (I(6(1 — y), 6(x))) = 1, by Ea.(1)
I(¢(1—y), ¢(x))) =1, by A2, A3
b(1—y) = 1< o(x) =0, byI9
& l-y<zesxrxt+y=1, by Al

to T

T2 : N°(I%(1 —y,x)) =0

t o

IA

z<zandt <y, by Eq.(6)

z < zandNg(t) < Ng(y), by N2

¢(2) < ¢(x)andp(l —t) = ¢(1 —y), by Al
I°(1—y,2) > I°(1 —t,2), byIl
N(I?°(1—y,x)) < N®(I°(1 - t,2)), by N2

I13 : (2,t) < (x,y)

R A

= Ie(z,y) <je(z,t), by Eq.(11)
I14 : When Np is a SIFN, II(Ny(z,y)) ;6 (N(Ns(y )) s(N(z))), by Eq.(2)
= NP(I?(Ns*(N(x)), N(Ns(y))), by Eq.(11)

(
= N°(I°(N(z),N(Ns(y)

), by N3
= NP(I*(N*(Ns(y)), N*(x)). by 19
= NPI?(I°(Ns(y), ) = l(z,y), by N3
Therefore, Proposition 2.2 holds.
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Table 2: A-GIFIx associated with the automorphisms ¢(z) = 2% and ¢~ ! = \/z.
Fuzzy Implications A—-GIFlIx
1, ifz <y 0, ifx4+y=1
Id) — ) =Y, I _ ) )
0@ y) {\/max((l — x)?,y?), otherwise; 15 (@,y) { — y/max(y?, x2), otherwise;
1, ifz<y 0, ife+y=1
I(;b _ ) = Y I _ ) )
L (@, y) {\/ 1 — 22 + 92, otherwise; 7 (z9) { — /2y — y2 + 22, otherwise;
1, ifx<y 0, ifx+y=1
Id) _ ) =~ Y, I _ ) )
r5(®:Y) {\/ 1 — 22 + 22y2, otherwise; Iin (2:y) {1—\/302 + (1—22)(2y—y?), otherwise;
é 1, ifz <y, o, ifz+y=1,
Igr(z,y) = {O,O‘Cherwise; HI?;R(CC’ y) = {l,otherwise;
V/min(1 — 22,42,0.5), 1—y/min(1 — (1 — y)2, 22,0.5),
Iffo(x,y): fo<zr<y<l, e (2,y) = if 0<z,y<landz+y=1,
v/min((1 — x)2,y2), otherwise; 1—y/min(1—(1—y)2, 22), otherwise;

See Table 2.1, presenting the corresponding A — GIFIx(N) associated with the con-
jugate fuzzy implications related to Table 2:

2.2 A-GIFIx S-implications

By [2], a continuous fuzzy implication I satisfies properties I7 and I8 iff it is conjugate
with the Lukasiewicz implication (IgH) and the following proposition holds:

Proposition 2.3. [5, Proposition 2] Let ¢1, ¢2 be automorphisms on U. Then
HIEH (‘r) = (bl_l(qh(l - xg) - ¢2(x1))7vx el, (12)

is a A-GIFIz associated with the SFN associated with a SFN N(z) = ¢35 (1 — ¢o(x)).

Proposition 2.4. Let N; be a SFN. A function I1: U — U is a A— GIFIx(N) iff there
exists an (S,N)-implication Is : U? — U such that

Proof. Tl;(z,y) = N(Isn(1 —y,2)) = N(S(N(1 — y), x)), for all (x,y) € U.
Remark 2.1. When N = Ng, Eq.(13) can be expressed as Il;(x,y) = Ng(S(z,y)).

3 Conclusion

In this work, the concept of generalized Atanassov’s intuitionistic fuzzy index was
studied from different construction methods, in particular, by means of fuzzy S-implication
operators and automorphisms. Further work considers the extension of such study related
to properties verified by the A-GIFIX to the interval-valued intuitionistic fuzzy approach.
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