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Resumo. In this work we develop results to contribute to the study of the Brouwer conjecture
through an argument of contradiction. Specifically, if the Brouwer conjecture is not valid for a
graph and this graph respects some conditions, we show that the conjecture is also not valid for the
graphs obtained by deleting an edge or vertex. In this way, we can recursively delete certain vertices
and edges of the original graph until the resulting graph is in a family for which the conjecture is
proven, a contradiction.
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1 Introduction

Let G = (V (G), E(G)) be a simple graph with order n = |V (G)| and size e(G), where V (G) =
{v1, ..., vn} is the vertex set and E(G) is the edge set.

The degree di(G) = dvi(G) of a vertex vi is the number of its neighbors, that is, it is the number
of edges incident in vi. The degree sequence of a graph G is given by d1(G) ≥ · · · ≥ dn(G), where
di(G) is the i-th largest degree of G. We drop G from the notation when there is no danger of
confusion.

The adjacency matrix of G is an n × n matrix A(G) = [aij ], where aij = 1 if vi and vj are
adjacent and aij = 0 otherwise. The Laplacian matrix is the matrix L(G) = D(G)−A(G), where
D(G) is the diagonal matrix with the degree sequence of G on its main diagonal.

It is well-known that L(G) is a positive semidefinite matrix and so its eigenvalues are nonneg-
ative real numbers. The eigenvalues of L(G) are called the Laplacian eigenvalues of G and are
denoted by µ1(G) ≥ · · · ≥ µn(G) = 0.

Grone and Merris [7] investigated the relation between the sum of the largest Laplacian eigen-
values and the sum of the largest degrees of a graph and stated the following conjecture.

Grone and Merris Conjecture: Let G be a graph with n vertices. Then

k∑
i=1

µi(G) ≤
k∑

i=1

#{l|dl ≥ i}, for k = 1, ..., n. (1)

This conjecture was recently proved by Hua Bai [2].
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As a variation on the Grone–Merris conjecture, Brouwer [4] stated a conjecture that relates the
sum of the k largest Laplacian eigenvalues with the number of edges of the graph plus a combina-
torial factor that depends on the value k chosen.

Brouwer Conjecture: Let G be a graph with n vertices. Then

k∑
i=1

µi(G) ≤ e(G) +

(
k + 1

2

)
, for k = 1, ..., n. (2)

This conjecture is known to be true for:
(i) k = n and k = n− 1 [14];
(ii) k = 1 by the well-known inequality µ1(G) ≤ n [12];
(iii) k = 2 [8];
(iv) trees [6];
(v) unicyclic and bicyclic graphs [5, 14];
(vi) regular graphs [3, 11];
(vii) split graphs [3, 11];
(viii) cographs [3, 11];
(ix) graphs with at most 10 vertices [3, 11].

The Brouwer conjecture is directly related to the study of Laplacian graph energy. According
to [10], the validity of the conjecture ensures that for every graph G, there exists a Threshold
graph T with the same order and size, so that the Laplacian energy of T is greater than or equal
to the Laplacian energy of G. Therefore, for a fixed number of vertices and edges, the maximum
Laplacian energy is reached in a threshold graph.

In this work, we present some tools for the study of Brouwer’s conjecture through the contradic-
tion argument. We show that if the Brouwer conjecture is not valid for a graph that respects some
conditions associated with upper bounds for its largest Laplacian eigenvalue, then the conjecture
is also not valid for the graph resulting from the deletion of a edge. A similar result is presented
for the graph resulting from the deletion of a vertex.

The remainder of this paper is organized as follows. In the next section we present the nota-
tions and preliminaries used. In section 3 we discuss the contradiction argument for the Brouwer
conjecture and develop our main results associated with the deletion of vertices and edges. Finally,
in the last section we show some applications, discuss our conclusions and present possible future
works.

2 Preliminaries

Let G = (V (G), E(G)) be a simple graph with order n. The graph obtained from G by deleting
the edge e ∈ E(G), denoted byG−e, is the graph with V (G−e) = V (G) and E(G−e) = E(G)−{e}.
Van den Huevel [13] shows that the Laplacian eigenvalues of the graph G and graph G − e are
related by the following interlacing theorem.

Theorem 2.1. Let G be a graph with n vertices and let G − e be a subgraph of G obtained by
deleting the edge e ∈ E(G). Then

µ1(G) ≥ µ1(G− e) ≥ µ2(G) ≥ · · · ≥ µn−1(G− e) ≥ µn(G) ≥ µn(G− e). (3)
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The graph obtained from G deleting the vertex v ∈ V (G), denoted by G− v, is the graph with
V (G − v) = V (G) − {v} and E(G − v) = E(G) − {uv|uv ∈ E(G)}. We enunciate the interlacing
theorem for the Laplacian eigenvalues of G and G− v below [13].

Theorem 2.2. Let G be a graph with n vertices and let G − v be a subgraph of G obtained by
deleting the vertex v ∈ V (G). Then

µi(G) ≥ µi(G− e) ≥ µi+dv (G), for i = 1, ..., n, (4)

where µi(G) = 0 for i ≥ n+ 1.

The vertex and edge deletion operations, and their associated interlacing theorems, will be used
in the development of the main results presented in the next section.

The Laplacian eigenvalues have applications in several fields, such as randomized algorithms,
combinatorial optimization problems and machine learning. In the spectral graph theory, a fun-
damental problem is the search for bounds for Laplacian eigenvalues. Anderson and Morley [1]
presented the following upper bound for the largest Laplacian eigenvalue.

Theorem 2.3. Let G be a simple graph. Then

µ1(G) ≤ max{du + dr|vuvr ∈ E(G)}.

Zhang [15] surveyed the known results for Laplacian eigenvalues and shows that there are
several bounds for the largest Laplacian eigenvalue that are based on different graph parameters.
We will explore this fact to develop applications of the main results in the last section.

3 The Contradiction Argument for the Brouwer Conjecture

It is well known that the Brouwer conjecture is valid for the different families of graphs presented
in the Section 1. We intend to use these facts to study a proof for Brouwer’s conjecture through
the contradiction argument.

Precisely, if the Brouwer conjecture is not valid for a graph and this graph respects some
conditions, we show that the conjecture is also not valid for the graphs obtained by deleting an
edge or vertex. In this way, we can recursively delete certain vertices and edges of the original
graph until the resulting graph is in a family for which the conjecture is proven, a contradiction.

In the following, we present the result associated with the deletion of an edge.

Theorem 3.1. If the j-th inequality of the Brouwer conjecture is not valid for a graph G with n
vertices and µ1(G) ≤ j + 1. Then the Brouwer conjecture is not valid for G− e, where e ∈ E(G).

Proof. Suppose that the j-th inequality of the Brouwer conjecture is not valid for a graph G.
Specifically,

j∑
i=1

µi(G) > e(G) +

(
j + 1

2

)
(5)
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As the Brouwer conjecture is proved for k = 1, 2, n− 1 and n, we assume that 3 ≤ j ≤ n− 2.
Summing the j−1 largest Laplacian eigenvalues of G−e and using the inequalities of Theorem

2.1, we have
j−1∑
i=1

µi(G− e) ≥
j∑

i=2

µi(G) =

j∑
i=1

µi(G)− µ1(G). (6)

From inequality (5) follows

j−1∑
i=1

µi(G− e) > e(G) +

(
j + 1

2

)
− µ1(G)

= e(G− e) +

(
j

2

)
+ [j + 1− µ1(G)] . (7)

From the hypothesis we have j + 1− µ1(G) ≥ 0, and we conclude that the Brouwer conjecture
is not valid of G− e for the sum of the eigenvalues up to j − 1.

Below we present the result associated with the deletion of a vertex with any degree.

Theorem 3.2. Let G be a graph with n vertices and v a vertex with dv ≤ n− 5. If the (j + dv)-th
inequality of the Brouwer conjecture is not valid for G and

µ1(G) + · · ·+ µdv
(G) ≤ dv(2j + dv + 3)

2
.

Then the Brouwer conjecture is not valid for G− v.

Proof. Suppose that the (j + dv)-th inequality of the Brouwer conjecture is not valid for a graph
G. Specifically,

j+dv∑
i=1

µi(G) > e(G) +

(
j + dv + 1

2

)
(8)

As the Brouwer conjecture is proved for k = 1, 2, n−1 and n, we assume that 2 ≤ j ≤ n−dv−2.
Summing the j largest Laplacian eigenvalues of G− v and using the inequalities of Theorem

2.2, we have

j∑
i=1

µi(G− v) ≥
j+dv∑

i=dv+1

µi(G) =

j+dv∑
i=1

µi(G)− [µ1(G) + · · ·+ µdv
(G)]. (9)

From inequality (8) follows

j∑
i=1

µi(G− v) > e(G) +

(
j + dv + 1

2

)
− [µ1(G) + · · ·+ µdv

(G)]

= e(G) +
(j + dv + 1)(j + dv)

2
− [µ1(G) + · · ·+ µdv (G)]

= e(G) +
j(j + 1)

2
+
dv(2j + dv + 1)

2
− [µ1(G) + · · ·+ µdv

(G)]

= e(G− v) +

(
j + 1

2

)
+

[
dv(2j + dv + 3)

2
− µ1(G)− · · · − µdv

(G)

]
(10)
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From the hypothesis we have

dv(2j + dv + 3)

2
− µ1(G)− · · · − µdv

(G) ≥ 0,

and we conclude that the Brouwer conjecture is not valid of G− v for the sum of the eigenvalues
up to j.

The deletion of a vertex with a large degree provides a condition with many parameters to be
studied. Therefore, we present a corollary for the deletion of a vertex of degree one that provides
the same condition as the edge deletion case.

Corollary 3.1. Let G be a graph with n vertices and v a vertex with dv = 1. If the j-th inequality
of the Brouwer conjecture is not valid for G and µ1(G) ≤ j + 1. Then the Brouwer conjecture is
not valid for G− v.

Proof. This proof is analogous to the previous result, using Theorem 2.2 with dv = 1.

This corollary can be used to study the Brouwer conjecture for graphs that have leaves.

4 Conclusions and Applications

In this section, we will discuss some of the conclusions and applications of the results developed
in section 3. First, we present some variations of the main results that can be constructed using
upper bounds for the largest Laplacian eigenvalue. Finally, we discuss the study of the Brouwer
conjecture using the results obtained and their applications in future works.

We can develop variations for the main results using different upper bounds for the Laplacian
eigenvalues. Assuming that the Brouwer conjecture is not valid for a graph, we can study the con-
ditions that the original graph must respect on different parameters so that the Brouwer conjecture
is also not valid for the graphs obtained by deleting an edge or a vertex.

As a simple example, we use the upper bound for the largest Laplacian eigenvalue given by
Theorem 2.3 to develop the following result.

Theorem 4.1. If the j-th inequality of the Brouwer conjecture is not valid for a graph G with n
vertices and max{du + dr|vuvr ∈ E(G)} ≤ j + 1. Then the Brouwer conjecture is not valid for
G− e, where e ∈ E(G).

Proof. Suppose that the j-th inequality of the Brouwer conjecture is not valid for a graph G.
Specifically,

j∑
i=1

µi(G) > e(G) +

(
j + 1

2

)
(11)

As the Brouwer conjecture is proved for k = 1, 2, n− 1 and n, we assume that 3 ≤ j ≤ n− 2.
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Summing the j−1 largest Laplacian eigenvalues of G−e and using the inequalities of Theorem
2.1, we have

j−1∑
i=1

µi(G− e) ≥
j∑

i=2

µi(G)

=

j∑
i=1

µi(G) + (max{du + dr|vuvr ∈ E(G)})− (max{du + dr|vuvr ∈ E(G)}).

Using the bound of Theorem 2.3, we have

j−1∑
i=1

µi(G− e) ≥
j∑

i=1

µi(G)− (max{du + dr|vuvr ∈ E(G)}). (12)

From inequality (11) follows

j−1∑
i=1

µi(G− e) > e(G) +

(
j + 1

2

)
− (max{du + dr|vuvr ∈ E(G)}).

= e(G− e) +

(
j

2

)
+ [j + 1− (max{du + dr|vuvr ∈ E(G)})] . (13)

From the hypothesis we have j + 1− (max{du + dr|vuvr ∈ E(G)}). ≥ 0, and we conclude that
the Brouwer conjecture is not valid of G− e for the sum of the eigenvalues up to j − 1.

This variation of Theorem 3.1 associates the investigation of the Brouwer conjecture with
the study of the maximum sum of the degrees of two adjacent vertices in the graph. Using other
upper bounds for the largest Laplacian eigenvalue, we can obtain similar results to investigate
the Brouwer conjecture by studying different graph parameters. Analogous results can also be
developed in the case of deletion of a vertex.

The results obtained aim to investigate the validity of the Brouwer conjecture. Therefore, as a
future work we intend to investigate in which graph families we can apply these results to ensure
that they satisfy the conjecture.

In our computational experiments we have shown that the Brouwer conjecture is valid for some
graphs through the process of vertex and edge deletion and arguing for contradiction. Our main
future objective is to investigate the existence of a recursive process of deleting edges and vertices
that can transform any graph into a graph that satisfies the Brouwer conjecture
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