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Figure 1: Electrical motor DC.

2.2 Coupled cart-motor system: a master-slave

relation

As described in the introduction, the system an-
alyzed in this paper is composed by a cart whose
motion is driven by the DC motor sketched in
Fig. 1. The motor is coupled to the cart through
a pin that slides into a slot machined on an acrylic
plate that is part to the cart, as shown in Fig. 2.
The pin hole is drilled off-center on a disk fixed
in the axis of the motor, so that the motor rota-
tional motion is transformed into horizontal cart
motion.

Figure 2: Coupled cart-motor system.

It is noticed that with this configuration, the
center of mass of the mechanical system is always
located in the center of mass of the cart, so its
position does not change.

To model the coupling between the motor and
the mechanical system, it is assumed that the mo-
tor shaft is rigid. Thus, the available torque to
the coupled mechanical system, ~τ , can be written
as

~τ(t) = ~d(t)× ~f(t) , (2)

where ~d is the eccentricity of the pin of the motor
and ~f is the coupling force between the DC mo-
tor and the cart. By the problem geometry, the
module of ~d is the nominal eccentricity of the pin,
d. Besides this, the component of ~d that is per-
pendicular to the plane of the cart movement is
always zero and, the others horizontal and verti-

cal components can be calculated from the angular
displacement α of the motor.

Assuming that there is no friction between the
pin and the slot machined on an acrylic plate, the
vector ~f only has a horizontal component, f (the
horizontal force that the DC motor exerts in the
cart). Thus, ~d and ~f are written as

~d(t) =





d cosα(t)
d sinα(t)

0



 ~f(t) =





f(t)
0
0



 .

(3)

Substituting (3) (2), the available torque to
the coupled mechanical system, ~τ , is

τ(t) = −f(t)d sinα(t) . (4)

Due to constraints, the cart is not allowed to
move in the vertical direction. Due to the prob-
lem geometry, the horizontal motion of the cart x
and the angular displacement α of the motor are
related by the constraint

x(t) = d cosα(t) . (5)

Since the cart is modeled as a particle of mass
m, it satisfies the equation

m ẍ(t) = f(t) . (6)

Substituting (4), (5) and (6) in the equations
of the electric motor, we obtain a system of differ-
ential equations to the coupled system.

The initial value problem for the motor-cart
system is: given the source voltage of the motor,
ν, find (α, c) satisfying

lċ(t) + r c(t) + keα̇(t) = ν ,

[

jm +md2(sinα(t))
2
]

α̈(t)

+
[

bm +md2α̇(t) cosα(t) sinα(t)
]

α̇(t)− kt c(t) = 0 ,

(7)

for given initial conditions.

Comparing (1) and (7) it is seen that the at-
tached mass influences the motor in a parametric
way, (Lacarbonara and Antman, 2008).

3 The Problem

Consider the system of (7). Taking α̇ (t) = u (t) ,
the system can be written as a first order system,
thus one gets that
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ċ (t) = −

ke u (t) + r c (t)− ν
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


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The other initial value problem is the following
one
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the period of rotation of the disk, in the electrome-
chanical system, is given by 2π
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