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Abstract. We study an optimal control problem associated with the thermally coupled
micropolar fluid equations including solid media. The existence of optimal solutions is
proved. First order optimality conditions is studied, and an optimality system is derived.
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1 Introduction

Let Q C R? a bounded open set with boundary I', and suppose €2 consists of two disjoint
subdomains {1; and €25 where {2 represent the fluid domain and 2, the solid domain. The
boundary of T' is considered as I' = I'y U Ty where I'; = T'N ﬁf and 'y = T'N Q. Also,
00y = I't UTg and 08y = I'y UTg where I'y = ﬁf N Q,. Let u,w and p denote the
restriction of the velocity vector, the microrotational velocity and the pressure to the fluid
domain Qy, respectively, since u = 0 and w = 0 in the solid domain €. Let 6; and 6 the
restriction of the temperature to the fluid domain €2y and solid domain €, respectively;
which by continuity of temperature must satisfy the condition 61 = 65 on I'y. Then, the
equations describing the motion of a viscous incompressible stationary micropolar fluid
with heat diffusion are given by

—(v+uv)Au+u-Vu+Vp+aGl, = 2yrotw+ f  in Qy, (1)
—(ca+c))Aw+u-Vw+4r,w = 2protu+g in Qy, (2)

divu = 0 in Qy, (3)

—k1A0 +u-V0 = hp in Qy, (4)

—koAfy = hy in Q, (5)

u=g;, w=0 6 = mnm only, (6)

u=0, w = 0 only, (7)

0o = m2 only, (8)

mg"?l + mggzz = 0 onlTYy, 9)
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where the functions f and g denote external forces actuating on the fluid. The functions A
and hy denote heat sources in the fluid domain €2y and solid domain 2, respectively. The
function G is the gravity acceleration and a > 0 is a constant associated with the volume
expansion coefficient. The positive constants v, v,., k1 and ks represent the cinematic
viscosity of the fluid, the cinematic viscosity of microrotation, the thermic conductivity
coefficients in €2y and €2, respectively. The positive constants ¢, and cq characterize
isotropic properties of the fluid, and are coefficients of angular viscosities; n, and no
denote the exterior unit normal vector to {2y and €, respectively, and satisfy n; = —no
on the interface I'g. The functions g,, 1 and 7y are prescribed functions on the respective
boundary. More details of the model (1)-(4) can be seen in [4].

For the condition (9), it is introduced a new variable g such that

001 005
g2 = K1 oroy’ g2 = K2 . on I'y (10)

Since an arbitrary go does not guarantee the condition of continuity 6; — 62 = 0 on the
interface I'g, we consider a problem control in which we want find optimal functions g, and
g2 defined on I'y and Ty, respectively; such that minimize the L? distance of the difference
01 — 0, along the interface I'y.

In the case of the Boussinesq equations for natural convection with boundary conditions
gr=0onT;,m =0o0nTIy, n =0o0n T and (9), the existence of weak solutions has
been studied in [3]. An optimal control problem for the thermally coupled incompressible
Navier - Stokes equations by Neumann boundary heat control is considered in [2,3].

In section 2 we present existence and uniqueness result for the state equations (1)-(9).
In section 3 deals with a boundary control problem that minimize [|61 — 02[[z2r,). In
section 4 first order necessary optimality conditions are obtained.

2 Existence of Solutions

We consider Sobolev space H! (©) with the usual inner product and norm, and we define
the functions spaces H}(Q) = {w € HY(Q) : w = 0 on '} with norm lwllgy = Vwllzz,
V; = {u € H{(Qy) : divu = 0 in Q;} with norm lullv, = [[Vull2, Wy = {0 € H'(Qy) :
6 =0 on 't} with norm ||0|lw, = |[|VO]|12, Wo = {9 € H(Q) : ¥ = 0 on I's} with norm
19/lw, = [|[VO| 12, HS = {u € H'(Qf) : divu =01in Qf,u-n =0 on I'y ULy} with norm
|w||gr = ||ullgr. For I'y a connected subset of the boundary I', we define the trace spaces

1/2 2 7 7 1/2
Hy*(Ty) = {p € L3(T,) : 3 € HYA(D), 6y, = 6,0, = 0}, Hgp (D) = {u € LA(T) -
Jv € Hl/Q(F),'v|Fk = UV = O,ka u - ndl’ = 0}. Also, by simplicity we define the
product spaces H = HY x H} (Qf) x HY(Qf) x HY(Qs), X = V§ x H}(Qf) x Wy x Wa, with
the usual norms. The dual space of X is given by X' = V', x H=1(Qy) x W] x W3,

By using integration by part and (10), a weak formulation for the system (1)-(9) is:
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3

Find (u,w,01,602) € H such that
v (Vu, Vo) + (u - Vu, o)+ a(Gbi, ) = 2u.(rotw,p) + (f, ) Yo eV,  (11)
vo(Vw, V) + (u - Vw, ) + v (w, ) = 2u(rotu, ) + (g,v) Vi € H&(Qf),(12)
K’l(vel) v¢) (’lL vela QS) = <hla ¢)> + (927 ¢)F0 VQJ) € W17 (]‘3)
K’Q(ve2> 5 = <h27£> - (927§)F0 vg € W27 (14)
u = ug, onlyUT)y, (15)
6, = m on I'y, (16)
02 = 19 on FQ, (17)

where ug, =gy on I't, ug, =0 on 'y, 11 =v + v, and v2 = ¢4 + ¢4
About the existence of solutions of the system (11)-(17) we have the following result.

Theorem 2.1. Let (f,g,h1,hs) € X/, G € L®(Qy), g, € HY (T1), m € HY*(Ty) and
Ny € Hé/Q(Fz). If v1, 15 and k1 are large enough such that

6 = min{vy — 2v,C = Clim | gr/2ryy, v2 — 20C, K1 — aCl|Gl|oo, K2} > 0

with C' a positive constant, there exists at least one solution (w,w,6,602) € H for the
problem (11)-(17). Moreover, the solution satisfies the following inequality

lellgn + llwllgy + 100l +110alm < C18,

where C1 > 0 is a constant depending on vi,Vy, Vs, K1, ko and 6, © > 0 is a constant de-
pending on |[ug, [lrsure, 1mllgeceyys 02l gz ws)s | Glloos [ Fllv s lgla-1s [Pallwys [hallwg
and ||92||L2(F0)-

Proof. Follows by using the Lax-Milgram lemma and Leray-Schauder fixed point theorem.
O

About the uniqueness of the solution, a result is given in the following theorem.

Theorem 2.2. Under the conditions of the Theorem 2.1, if § > C10 the solution of the
problem (11)-(17) is unique.

3 Boundary Control Problem

As controls spaces we consider the closed convex sets U; C Hl/ 2(Fl) and Us C L*(Ty),
then the functions g = (g4, 92) € Uy X Us = U,q represent boundary controls, being g, a
boundary control for the velocity on the part I'y of the boundary of Q2; and g2 a control
for the temperature on the interface I'y of the solid-fluid region. Also, is considered a
function u, € L*(€;) which represent a desired velocity for the fluid.

Denoting z = (u,w,0;,02) € H and g = (g;,92) € Uyq, we establish the following
boundary control problem: Find (z,g) € H X Uyq such that minimize the functional

L B

1 1
J(z,9) = 5”" - Ud”?}(g)f) + 5”91 - 92H2L2(r0 H91HH1/2 1"1) ||92||L2 (To)
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subject to (z,g) satisfying (11)-(17).
The constants 81 and fs satisfy any of the following conditions:

(1) If 1 > 0 and By > 0, U; and Uy are bounded closed convex sets. (18)
(i) If B1 > 0 and B2 > 0, Uy and Uy are closed convex sets. (19)

To describe the constraints for the control problem, we define the space
Y = X/ x Hy)2(0Q) x HY*(Ty) x HY*(T'y)

and we consider the constraint operator F = (Fy, Fy, F5, Fy,F5, Fg, F7) : H X Uyq — Y,
such that in each point s = (z,g) € H x U,q is defined by

(Fi(s),p)v, = n(Vu, Vo) + (u-Vu, @) + a(Go1, ) — 2vr(rotw, @) — (f, @) v,
(Fa(s), >H = 1(Vw, V) + (u - Vw, ) + 4vp(w, ) — 2vp(rotw, ¥) — (g,9) g1,
(F3(s), 0wy = k1(VO01, V) + (u- Vb1, ¢) — (h1,$) — (92, d)ry.
(Fu(s),Owy = r2(V02,VE) — (ha, &) + (92, o,

F5(s) = Upr, — Ugys Fs(s) = 91|F1 -, Fr(s) = 62|F2 — 12,

Then, we reformulate the above control problem as: Find (z,g) € H x U,4 such that
minimize the functional

B2

1 1 eil
J(z,9) = 5”“ - UdHi?(Qf) + 5”91 — 0a|F2ry) + 3”91”%1/2@1) H92HL2(F0) (20)

subject to F(z,g) =0in Y.
The admissible solutions set for the control problem (20) is defined by

Saa={s=1(z,9) € Hx Uy : J(s) < oo and satisfies F(z,g) = 0}.
About the existence of solution for the control problem (20) we give the following result.

Theorem 3.1. Under the conditions of the Theorem 2.1, if U,q satisfies any of the con-
ditions (18)-(19), the control problem (20) has at least a solution s = (2Z,g) € Suq.

Proof. By Theorem 2.1 the set S,q is not empty. Since J(s) is bounded below, exists a
minimizing sequence {s™ = (u™,w™, 07", 05", g1", g5") }m>1 € Saq such that
li ™) = inf . 21
e T8 = 2T C) 2!
Moreover, J(s™) < oo and s™ satisfies the system (11)-(17), then by Theorem 2.1 we
obtain that {s™} is bounded in H x U,4, and since U,q is a closed and convex subset of

H1/2(F1) x L?(Ty), exists 3 € H x Uy,q such that as m — oo, 8™ — 5 weakly in H x Uyq.
Moreover, taking into account that the embedding H} < L?(Q;), H}(Qf) — L*(Qy),
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HY(Qf) = L*(Qy), H'(Qs) — L*() and H(l)(/)Q(Fl) < L2(T'y) are compact we deduce
that s™ — & strongly in L?(Qy) x L2(Q) x L2(Qy) x L*(Q,) x L3(T'y).

Then, by using the above convergences we can obtain that s satisfies (11)-(17) and we
conclude that 5 € S,4, which implies

inf J(s) < J(3). (22)

SES 4

Since J is weakly lower semi-continuous on S,q we have that J(5) < lim inf J(s™) and

m—0o0
then
J(8) < lim J(s™). (23)
Now, from (21), (22) and (23) it follows that s is a solution for the problem (20). O

4 First Order Necessary Conditions

For the functional J and the constraint operator F of the problem (20), we have the
following results.

Lemma 4.1. The functional J is Fréchet differentiable with respect to s = (z,g) €
H x Uyq. Moreover, at the arbitrary point § = (2,g) € H X U,q the Fréchet derivative of
J with respect to s is the linear and bounded functional Js(8) : H x Uyqg — R, such that in
each point T = (@, W, V1,92, g1, 92) € H X Uyq is defined by:

Js(38)T = (& — ug, @) + (01 — 02,91 — V2)ry + B1(g1,91)rs + Ba(G2, §2)ry -

Lemma 4.2. The operator F is Fréchet differentiable with respect to s = (z,g) € HXUyq.
Moreover, at the arbitrary point 8 = (2,9) € H x U,q the Fréchet derivative of F with
respect to s is the linear and bounded operator Fg(8) : H X Uyg — Y, such that in each
point T = (@, W, V1,Y2,g1,G2) € H X Uyq is defined by:

(Fis(3)m,0) v, = n(Ve, Vo) +(a-Vo,¢) + (e Va, @) + a(Gl, p) — 2vp(rotd, @),
(Fas(8)T, >H*1 = 1(Vw, V) + (@ Vi, ¢) + (Q ) + vy (0, 9) — 2vp(rote, ),
(F3s(8)T,d)w; = K1(VU1, V) + (a- Vi, ¢) + (o 'V917¢)—(927<Z>)rm
(Fus(8)7,Owy = K2(VI2,VE) + (g2, )y,

F55(8)7 = 0., — B@1); Fes(3)T = Vs Frs(8)T = Vg,

where B : H(l](/)Q(Fl) — Hl/z(aﬂf) is a linear and bounded operator defined by B(g,) = g,
on Ty and B(g;) = 0 on T.

As in [1] to guarantee the existence of Lagrange multipliers, we establish a condition
for a pair (z,g) € H X Uyq to satisfy the regular point condition.

Definition 4.1. ( [5], p. 50) Let 8 = (2,g) € HxUyq be a optimal solution of the problem
(20). 1t is said that & satisfy the regular point condition if Fs(2,g)(H x C(g)) =Y, where
C(g) =C(g1) x C(g2) = {(m1(g1 — g1),72(92 — G2)), 71 > 0,72 > 0, (g1, g2) € Uaa}-
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Denoting 2 = (@, w,01,02),g = (§1, §2), we establish the following result.

Lemma 4.3. Let § = (2,g) € Suq be a solution of the problem (20). If vy, vy and k1 are
large enough such that

01 = min{r; — aC||G||sx — 2Cv;,v2 — 2Cvp, k1 — aC|| G| 0o, K2} > 2C||Z |1, (24)
with C a positive constant depending only on §2, then § satisfies the reqular point condition.
Proof. The steps of the proof are similar to those for the Navier - Stokes equations given
in [1]. O

About the existence of Lagrange multipliers we have the following result.

Theorem 4.1. Let § = (2,g) be a local optimal solution for the problem (20) with vy, vo
and k1 satisfying (24). Then, there exist Lagrange multipliers

A = (A1, A2, Az, Ay As, Agy A7) € Y = X x Hyy2(09) x Hy /2(Ty) x Hy Y/*(Ty)
such that for all T = (@,w,V1,02,g1,G2) € H x C(g;) x C(g2),

(@ — ug, 0) + (01 — 09, 91)r, + (02 — 01,92)r, + B1(G1,G1)T, + Ba(F2, G2)r,

—1(Ve, VA1) — (@- Vo, A1) — (- Vu, A1) — a(GI1, A1) + 2v,(rot, Ap)

—VQ(V'LD7 V)\Q) — (’& . V?f}, )\2) — (Q . VU~J, /\2) — 41/,«(10, )\2) + 21/T(r0tg, )\2)

—K1 (Vﬁl, V)\g) — (fl, - Vi, )\3) — (Q . V€9~1, )\3) + <§2, )\3)1“0 — HQ(V’ng, V)\4)

—(92, M)ry — (A5, 0 — B(g1))reur; — (A6, V1)1, — (A7,92)r, > 0.
Proof. From Lemma 4.3, s satisfies the regular point condition, then applying the Theorem
3.1 given in [5], p. 57, there exist Lagrange multipliers X = (A1, A2, A3, Ay, A5, Ag, A7) € Y/
such that

Ls(8,A\)T >0 Vr € HxC(g;) xC(g2),

where £ is the the Lagrange functional defined by £(8,A) = J(8) — (A, F(8))y.
Therefore, taking into account the Lemma 4.1 and Lemma 4.2 the result is followed. [

From Theorem 4.1 we can derive the following optimality system:
State equations

—nAu+a-Va+ aGl — 2urotw = f in V',

— AW+ @ - Vi + 4vb — 2vrota = g in HH(Qy),
divi = 0 in Qy,
—k1AO +1-VO, = hy in W],
—koAfy = hy in Wi,
a=g, w=0, 0 = n only,
mgzll = g9, /@22222 = —go9, u =0, w = 0 only,
ég = 12 onlbs.
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Adjoint equations

MAX @ VA +VIA @+ VTN + VT30 + 2vr0thy = ug— @ in (HL),
9Adg + - Vg — 4. 9 + 2v,rotA; = 0 in Hil(Qf),

K1AX3 —aGA +w-VA3 = 0 in (Hl(Qf))/,
HQA)\4 = 0 in (Hl(QS))/,
divd; = 0 in Qy,
oA
Mt ixs = 0 onTouTy,
877,1
Hl% = 01 — by, 52% = 0y—0; onTy,
ony ony

)\6 =0 onFl, )\7 =0 OHF2.
Optimality conditions

(B191 + A5.91 — g1)ry, >0, (292 + A3 — M1, 92 — G2)1y > 0 Y(g1,92) € Uaa-

5 Conclusions

For viscosities and thermic conductivity coefficients large enough of the fluids, we
proved existence and uniqueness of weak solutions for the system (1)-(9). In order to min-
imize the temperature difference in the solid-liquid interface of the domain, is established
a control problem associated with the weak solutions of the system (1)-(9), considering
as control parameters a function defined on one part of the boundary of the fluid region
and another defined on the interface of the solid-fluid region. For the control problem
is proved the existence of solution and an optimality system is obtained by using the
Lagrange multipliers method.
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