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Abstract— Here we report a theoretical model based on Green’s functions, Floquet theory, and averaging tech-
niques up to second order that describes the dynamics of parametrically driven oscillators with added thermal
noise. Quantitative estimates for heating and quadrature thermal noise squeezing near and below the transition
line of the first parametric instability zone of the oscillator are given. Furthermore, we give an intuitive expla-
nation as to why heating and thermal squeezing occur. Finally, we validate our analytical estimates of thermal
fluctuations by verifying them numerically. Very good agreement is achieved between the two approaches.
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Resumo— Aqui reportamos um modelo teórico baseado em funções de Green, teoria de Floquet e técnicas
de averaging até segunda ordem que descrevem a dinâmica de osciladores parametricamente forçados com rúıdo
térmico adicionado. Estimativas quantitativas para o aquecimento e a compressão em quadratura do rúıdo
térmico próximo ao limiar da primeira zona de instabilidade do oscilador são dados. Além disso, explicamos
intuitivamente por que a compressão térmica e o aquecimento ocorrem. Finalmente, validamos nossas estimativas
anaĺıticas das flutuações térmicas verificando-as numericamente. Obtemos uma ótima concordância entre as duas
abordagens.

Palavras-chave— Oscilador paramétrico, compressão térmica de rúıdo, dinâmica estocástica

1 Introduction

Motivated by the seminal experimental work of
Rugar and Grütter (Rugar and Grütter, 1991)
on thermal squeezing in a parametrically-driven
MEMS device, we study a parametric oscillator
in the presence of noise with the objective of un-
derstanding what are the main causes of thermal
squeezing and heating that occur in this system
when its parameters are set below the first para-
metric instability. The dynamical system model
studied here may be used, for instance, to de-
scribe the time evolution of the fundamental mode
of a doubly-clamped beam resonator that is axi-
ally loaded, in which case the dynamical variable
of our model represents the amount of deflexion
at the middle of the beam from the equilibrium
position.

In this paper we extend and improve on re-
cently obtained analytical quantitative estimates
of the amount of quadrature noise squeezing
and heating in a parametrically-driven oscillator
(Batista, 2011). Here we use the Green’s func-
tion approach, previously developed to solve the
Langevin equation, aligned with averaging tech-
niques up to second order, to obtain more precise
analytical estimates of the thermal fluctuations
in the parametrically-driven oscillator with added
noise. We further show, using an approximate
Floquet theory based on first and second-order
averaging approximations, that thermal squeezing
and heating are related to the onset of real-valued
Floquet multipliers (FMs) with different magni-
tudes. It is shown that one FM grows while one

gets closer in parameter space to the first tran-
sition line to instability while the other FM de-
creases. As a consequence, one gets two differ-
ent effective dissipation rates, while at the same
time the input power due to noise remains con-
stant as the pump amplitude is increased. We
show below that these effects account for most
thermal squeezing and heating observed. Further-
more, second-order averaging analytical estimates
of heating and the amount of squeezing are also
provided.

2 Theory

2.1 The parametric oscillator

The equation for the parametrically-driven oscil-
lator (in dimensionless format) is given by the
damped Matthieu’s equation

ẍ+ ω2
0x = −γẋ+ Fp cos(2ωt) x, (1)

in which γ and Fp ∼ O(ε), where ε << 1. Since
we want to apply the averaging method (AM)
(Verhulst, 1996), (Guckenheimer and Holmes,
1983) to situations in which we have detuning, it
is convenient to rewrite Eq. (1) in a more appro-
priate form with the notation Ω = ω2

0 −ω2, where
we also have Ω ∼ O(ε). With this substitution we
obtain ẍ + ω2x = −Ωx − γẋ + Fp cos(2ωt) x. we
obtain the fundamental matrix Φ(t) (also known
as the time evolution operator) in first-order av-
eraging approximation

Proceeding Series of the Brazilian Society of Applied and Computational Mathematics, Vol. 1, N. 1, 2013.

DOI: 10.5540/03.2013.001.01.0026 010026-1 © 2013 SBMAC

http://dx.doi.org/105540/03.2013.001.01.0025
http://dx.doi.org/10.5540/03.2013.001.01.0026


Φ(t) ≈ e−γt/2
(

cosωt 1
ω sinωt

−ω sinωt cosωt

)
(2)

×
(

cosh(κ t) −β−δωκ sinh(κ t)

−ω(β+δ)κ sinh(κ t) cosh(κ t)

)
where Φ(0) = I, in which I is the identity ma-
trix. The shorthand parameters are defined as
κ =

√
β2 − δ2, β = −Fp/4ω, and δ = Ω/2ω.

From Floquet theory (Verhulst, 1996) we know
that the fundamental matrix can be written as
Φ(t) = P (t)eBt, where P (t) is a periodic matrix
with period π/ω and B is a constant matrix. We
also know that P (0) = I. The eigenvalues of
Φ(π/ω) = eBπ/ω are known as the Floquet mul-
tipliers (FMs). In 1st-order approximation The
FMs are given by

λ± = −e−(
γ
2±κ)π/ω.

We can write the fundamental matrix in second-
order approximation as

Φ(t) ≈ e−γt/2
(

cosωt 1
ω sinωt

−ω sinωt cosωt

)
×

(
cosh(ξ t) + a sinh(ξ t)

ξ − b−cωξ sinh(ξ t)

−ω(b+c)ξ sinh(ξ t) cosh(ξ t)− a sinh(ξ t)
ξ

)
,

where ξ =
√
a2 + b2 − c2, a = −γβ2ω , b = β−δβ/ω,

and c = δ−γ2/(8ω)− δ2/(2ω)−β2/(4ω). We find
the FMs to be given by

λ± = −e−(γ/2±ξ)π/ω. (3)

The corresponding effective dissipation rates are
γeff± = γ ± 2ξ.

2.2 Green’s functions

The equation for the Green’s function of the
parametrically-driven oscillator is given by[
∂2

∂t2
+ ω2

0 + γ
∂

∂t
− Fp cos(2ωt)

]
G(t, t′) = δ(t−t′).

(4)
Since we are interested in the stable zones of the
parametric oscillator, for t < t′ G(t, t′) = 0 and
by integrating the above equation near t = t′, we
obtain the initial conditions when t = t′ + 0+,
G(t, t′) = 0 and ∂

∂tG(t, t′) = 1.0.
The Green’s function of Eq. (4) may be obtained
from the operator H(t, t′) = Φ(t)Φ−1(t′). The
Green’s function is given by G(t, t′) = H12(t, t′)

2.2.1 1st-order averaging approximate
Green’s function

Although Eq. (4) may be solved exactly by us-
ing Floquet theory (Wiesenfeld and McNamara,
1985), one obtains very complex solutions. In-
stead, we find fairly simple analytical approxima-
tions to the Green’s functions and, subsequently,

to the statistical averages of fluctuations using
the averaging method. We find the approxi-
mate Green’s function near the onset of instability
(when κ is real) to be

G(t, t− τ) ≈ e−γτ/2

ω
{cosh(κ τ) sin(ωτ) (5)

+
sinh(κ τ)

κ
[δ cos(ωτ)− β cos(ω(2t− τ))]

}
,

for τ > 0 and G(t, t− τ) = 0 for τ < 0.

2.2.2 2nd-order averaging approximate
Green’s function

The Green’s function obtained by second-order
averaging is given by

G(t, t− τ) ≈ e−γτ/2

ω
{cosh(ξτ) sin(ωτ) (6)

+
sinh(ξτ)

ξ

[
c cos(ωτ)− β′ cos[ω(2t− τ)− φ0]

]}
,

for τ > 0 and G(t, t − τ) = 0 for τ < 0, where
β′ = β

√
(1− δ/ω)2 + γ2/(4ω2), a = β′ sin(φ0),

b = β′ cos(φ0), and φ0 = 2ωt0. We have to re-
place κ by ξ, δ by c, β by β′ and t by t − t0
to obtain the second-order Green’s function from
the 1st-order approximation. This indicates that a
Green’s function renormalization is very well fea-
sible if one goes to higher orders of approximation
in the averaging method.

2.3 Thermal fluctuations

We will now investigate the effect of noise on the
parametric oscillator (Batista, 2011). We start by
adding noise to Eq. (1) and obtain

ẍ = −ω2
0x− γẋ+ Fp cos(2ωt) x+R(t), (7)

where R(t) is a random function that satis-
fies the statistical averages 〈R(t)〉 = 0 and
〈R(t)R(t′)〉 = 2Tγδ(t − t′), according to the
fluctuation-dissipation theorem (Kubo, 1966). Us-
ing the Green’s function we obtain the solution
x(t) of Eq. (7) in the presence of noise R(t)

x(t) = xh(t) +

∫ ∞
−∞

dt′ G(t, t′)R(t′),

where xh(t) is the homogeneous solution, which
in the stable zone decays exponentially with time;
since we assume the pump has been turned on for
a long time, xh(t) = 0. By statistically averaging
the fluctuations of x(t) we obtain

〈x2(t)〉 =

∫∫ ∞
−∞

dt′ dt′′G(t, t′)G(t, t′′)〈R(t′)R(t′′)〉

= 2Tγ

∫ ∞
0

dτ G(t, t− τ)2, (8)
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where τ = t − t′. An estimate of the statistically
averaged thermal fluctuations, when |β| > |δ|, is
given by

〈x2(t)〉 ≈ 〈x2(t)〉+A2ω cos(2ωt) +B2ω sin(2ωt),
(9)

The dc contribution to fluctuations in the second-
order approximation

〈x2(t)〉 ≈ 2γT

ω2

∫ ∞
0

dτ e−γτ {[cosh(ξτ) sin(ωτ) (10)

+c
sinh(ξτ)

ξ
cos(ωτ)

]2
+ β′2

sinh2(ξτ)

2ξ2

}
,

Notice that when one gets close to the zone of
instability, we obtain a far simpler expression for
the average fluctuations. It is given approximately
by

〈x2(t)〉 ≈ 2T

ω2

[
β2+

γ2

4
+δ2

]
1

γ2 − 4κ2
(11)

− 4βT

ω2(γ2 − 4κ2)

[
δ cos(2ωt)+

γ

2
sin(2ωt)

]
.

It is easy to verify that the minimum of the posi-
tion fluctuation is given by

σ2
min ≡ 〈x

2(t)〉min ≈
T

2ω2

√
δ2 + γ2/4− |β|√
δ2 + γ2/4 + |β|

and the maximum is given by

σ2
max ≡ 〈x2(t)〉max ≈

T

2ω2

√
δ2 + γ2/4 + |β|√
δ2 + γ2/4− |β|

,

such that

σminσmax ≈
T

2ω2
. (12)

This is a verification that the classical phe-
nomenon of thermal squeezing indeed occurs near
the transition line to instability.
The instantaneous input power due to the additive
noise is given by

Pnoise(t) = ẋ(t)R(t) = vh(t)R(t) (13)

+

∫ ∞
−∞

dt′
∂

∂t
G(t, t′)R(t′)R(t).

Hence, we obtain the statistically averaged noise
input power

〈Pnoise(t)〉 =

∫ t

−∞
dt′

∂

∂t
G(t, t′)〈R(t′)R(t)〉

= γT

[
∂

∂t
G(t, t′)

]
t′=t−

= γT.(14)

More details can be found in Refs. (Batista,
2012)(Batista and R. S. N. Moreira, 2011).

3 Results and discussion

When the FMs given by Eq. (3) become real, they
branch off in two magnitudes. When this oc-
curs one of the FMs (λ−) becomes larger as Fp
is increased, eventually becoming larger than one,
when the system given by Eq. (1) becomes un-
stable, while the other FM (λ+) becomes smaller.
From Eq. (3) this implies into two effective dis-
sipation rates, along the stable manifolds of the
Poincaré first-return map (with period π/ω, i.e.
Φ(π/ω)). This phenomenon causes both heating
and squeezing of the parametric oscillator with
added noise, since the average power input due
to thermal noise remains constant as is shown in
Eq. (14) and one effective dissipation rate is de-
creased. It also causes quadrature thermal squeez-
ing since in one direction, the λ−-stable manifold
of Φ(π/ω) in the phase space of u and v, there is
less effective dissipation and, consequently, more
fluctuations, while in another direction, the λ+-
stable manifold of Φ(π/ω) in the phase space of
u and v, there is more effective dissipation and
, consequently, less fluctuations. This imbalance
in the effective dissipation rates, we claim, is the
main cause of thermal squeezing in the paramet-
ric oscillator with added noise. The dependence
on pump amplitude of the effective dissipations
(γeff± = γ ± 2ξ) can be seen on Fig. 2 (second-
order averaging result).

In Fig. 3 we show several squared Green’s
functions with initial conditions spread out evenly
in time during one period of the pump (π/ω).
They are vertically spaced only for clarity, since
all of their asymptotes are zero. The Green’s
functions are shown squared because that is the
way they contribute to the thermal fluctuations
in Eq. (8). One notices that the second-order ap-
proximation Green’s functions yield a much better
approximation to the numerical Green’s functions
than the first-order approximation. This is spe-
cially evidenced the closer one gets to the first
transition line to instability, a consequence of the
fact that the second-order analytical expression
for the transition line is a better approximation
than the first-order expression.

In Fig. 4 we show a comparison between
time series of the fluctuation 〈x2(t)〉 given by Eq.
(8) in which the Green’s functions are given ei-
ther by the second-order approximation expres-
sion from Eq. (6) or by the numerical Floquet
theory Green’s functions. We use several differ-
ent Green’s functions with negative detuning (ω =
0.95), in resonance (ω = 1.0) and positive detun-
ing (ω = 1.05) all with the same pump ampli-
tude Fp = 0.185. We observe that the numerical
and approximate Green’s functions are very sim-
ilar and that the squeezing amplitude and heat-
ing (proportional to the time average of 〈x2(t)〉)
are very dependant on detuning from resonance.
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From Fig. 1 one sees that the off resonance results
are slightly below the threshold of the strong heat-
ing and squeezing zone.

In Fig. 5 we show a plot of the dc com-
ponent of the mean-square displacement 〈x2(t)〉
(in second-order approximation, as given by
Eqs. (11)) over the heat bath temperature in deci-
bel scale. Most of the heating occurs inside the
heating zone in which the Floquet multipliers are
real.

In Fig. 6 we show level sets in decibels of
the dc amplitude of the mean-square displacement
〈x2(t)〉 in second-order approximation, as given by
Eqs. (11), over the heat bath temperature. One
sees that most of the heating occurs inside the
heating zone in which the FMs are real.

In Fig. 7 we show level sets of the ac amplitude
of the mean-square displacement 〈x2(t)〉, as given
by Eqs. (8) with the appropriate second-order cor-
rections, over the heat bath temperature. This at-
tests that most of the squeezing also occurs inside
the heating zone as claimed before. One notices
by comparing Figs. 6 and 7 that we obtain very
similar level sets for heating and squeezing. This
is a consequence of the fact that both of these phe-
nomena have the same cause, as discussed above.
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Figure 1: Comparison between numerical and
averaging method predictions for the bound-
ary of the first instability zone of the damped
parametrically-driven oscillator of Eq. (1). In the
region above the thick solid black line lies the un-
stable zone obtained by numerical computation,
the red dashed line is the second-order averag-
ing prediction for the transition line. The heating
zone occurs when the Floquet exponents given in
Eq. (3) become real. The heating boundary (blue
long dashed-dotted line) is equivalent to the tran-
sition line to parametric instability when γ = 0.
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Figure 2: Effective dissipation rates based on
second-order averaging approximation obtained
from Eq. (3) with γ = 0.1, the other parame-
ters are given in the figure. Heating and squeez-
ing mostly occur when the Floquet multipliers be-
come real and branch off in two different values.
Consequently, there is an effective dissipation rate
associated with each Floquet multiplier. An effec-
tive dissipation rate γeff < γ results in heating
of the parametric oscillator. The different values
of γeff, one smaller than γ and the other larger
than γ, result in squeezing. When γeff− becomes
negative one reaches the transition line to the first-
instability zone of the parametric oscillator.

4 Conclusion

Here, we studied a parametrically-driven oscilla-
tor with added noise with the objective of under-
standing what causes heating and thermal squeez-
ing in the stable zone near the transition line of
the first parametric instability. We improved on
our previous work (Batista, 2011) and obtained
a more accurate expression for the Green’s func-
tions and, consequently, obtained more precise es-
timates of the amount of heating and quadrature
noise squeezing in the parametrically-driven oscil-
lator. Furthermore, we used an approximate Flo-
quet theory, based on first and second-order aver-
aging approximations, to explain why heating and
thermal squeezing occur in the parametrically-
driven oscillator with added noise investigated
here. These phenomena are related to the onset of
real-valued FMs (FMs) with different magnitudes.
It was shown that as one FM grows while one
gets closer (in parameter space) to the first tran-
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squared Green functions

(a) ω=0.95, Fp=0.41
numerical

1st-order averaging
2nd-order averaging

(b) ω=1.0, Fp=0.19
numerical

1st-order averaging
2nd-order averaging

 0  20  40  60  80  100

t

(c) ω=1.05, Fp=0.46
numerical

1st-order averaging
2nd-order averaging

Figure 3: In the frames above we show several
squared Green’s functions with equally-spaced in
time initial conditions in one given period of the
parametric driving. They are vertically spaced
for clarity, since all asymptotes are zero. In
each frame we have a comparison between numer-
ical results given by the numerical integration of
Eq. (4) with the initial values G(t, t′) = 0 and
∂
∂tG(t, t′) = 1.0 when t = t′ + 0+ and the ana-
lytical approximate results given by Eqs. (5) or
(6).

sition line to instability the other FM decreases.
As a consequence, one gets two different effective
dissipation rates, while at the same time the in-
put power due to noise remains constant as the
pump amplitude is increased. We showed that
these effects account for most thermal squeezing
and heating observed. We showed as well that
the second-order Green’s function of the paramet-
ric oscillator has the same form as the first-order
Green’s function, which implies that with a simple
parameter change given in the text all first-order
results for the amount of heating and thermal
squeezing also apply, with increased accuracy, to
second-order approximation. This indicates that a
Green’s function renormalization is very well fea-
sible if one goes to higher orders of approximation
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Figure 4: Mean-square deviation 〈x2(t)〉 time evo-
lution. Comparison between Floquet theory nu-
merical results and second-order averaging results
given by Eq. (8) with the Green’s function given
by Eq. (6). The dot-dashed line indicates the tem-
perature of the external heat bath. The closer one
is to resonance the larger the squeezing amplitude
and average dynamical temperature.
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Figure 5: Log plot of the dc component of the
mean square displacement in second-order approx-
imation, 〈x2(t)〉, as given by Eqs. (11). In the
parametric oscillator with thermal noise the dy-
namic temperature of the oscillator grows mono-
tonically until it diverges at the transition line be-
tween stable and unstable zones. The simplified
approximating curves are given by Eq. (12).

in the averaging method.

The model studied here may be applied for in-
stance to the dynamics of the fundamental mode
of an axially loaded doubly-clamped beam res-
onator. The present model can also be applied
to the linear response of ac driven nonlinear os-
cillators to noise (such as transversally-loaded
beam resonators), see for example Ref. (Almog
et al., 2007). We note further that this model
can be applied as well to the investigation of the
dynamics of ions in quadrupole RF ion guides or
traps (Paul, 1990) in the presence of thermal noise.
Additionally, the notion that we can have two
different effective dissipation rates, one for each
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Figure 6: Contour plot of dynamic temperatures
(the dc component of the statistical average of the
square displacement in second-order approxima-
tion, 〈x2(t)〉, as given by Eqs. (11)) over heat bath
temperature in decibel scale. Most of the heat-
ing occurs inside the heating zone as predicted
by our hypothesis. Each level curve is a dynamic
isothermal. The levels are given by the expression
10 log10(〈x2(t)〉/T ).
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Figure 7: Contour plot of the squeezing ampli-
tude (

√
A2

2ω +B2
2ω, as given by Eqs. (8) with the

appropriate second-order corrections) over heat
bath temperature in decibel scale. Most of the
squeezing occurs inside the heating zone as pre-
dicted by our hypothesis. The levels are given by
the expression 10 log10(

√
A2

2ω +B2
2ω/T ).

stable Floquet multiplier, could be used to cre-
ate control schemes, similar to those of the OGY
method (Ott et al., 1990), to reduce the effects of
noise even further in parametric amplifiers and in
RF ion traps.
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