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Abstract. We study geometric aspects of transition matrices of discrete-time Markov
chains. More precisely, we study the connected component of the set of stochastic ma-
trices with positive determinant at the identity. Using the machinery of Lie groups we
explore the connection between stochastic matrices and transition rate matrices.
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1 Introduction

When we study discrete-time and continuous-time Markov chains we are interested in
the following question: Is there any way to generate a discrete time Markov chain by means
of a transition rate matrix? In [6] Jeremy G. Summer studied the algebraic properties of
the Lie group G of stochastic matrices of order 2 and its tangent space 771(G) which is a
Lie algebra. He showed that the following decomposition holds

G° =[] e, (1)

teR

where G is the connected component at the identity of the set of stochastic matrices with
positive determinant, # a normal subgroup of G° and Q is a transition rate matrix. Thus,
for stochastic matrices of order 2 there is a positive answer to the question above.

Our main result is a generalization of the result obtained in [6] for stochastic matrices
of any size.
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2 Stochastic Matrices

Discrete time Markov chains (X,,,n € N) and continuous time Markov chains (X, ¢ >
0) with coutable state space € can be characterized by its transition matrix M = (M;;); jen
and by means of its transition rate matrix L = (L;;); jeq, respectively. These matrices
must satisfy the following conditions:

1. M;; > 0 for all 7,5 € € and Zj M;; = 1 for all ¢ € Q. Such matrices are calls of
transition matrices or stochastic matrices.

2. Li; <0 foralli e Qand L;; > 0 for all elements ¢ # j in the state space. In
addition, equality Zj L;; = 0 must be valid for all 4,j € 2. Matrices that satisfy
these conditions are called transition rate matrices or L-matrices.

In this work we study a way to generate Markov chains in discrete time by means of L-
matrices. When we study the Lie group of matrices given by the stochastic matrices, we
note that there is a relation with its tangent space which contains the desired L-matrices.
These relations were studied in [6] for the case of square matrices of dimension 2. In this
work we generalize this resuls to stochastic matrices of any size.

2.1 The group of stochastic matrices and its tangent space

Let 1 = (1,1,...,1) be a vector with n coordinates. We say that a real matrix
A = (ajj)nxn is stochastic if the condition below is verified

A-1=1 e 0<ay; <1, Vi,je{l,2,...,n}. (2)
Now we define the following set:
G, = [A€GL,(R): A-1=1}. 3)

The set G, defined in this way is a subgroup of the general linear group. We call G,
the stochastic matrix group. Indeed, G, is a Lie group. To show our claim it sufficies
to show that G, is a closed subset of GL,(R). For this purpose, consider the function
¢: GLp(R) - R™ given by A A-1. Let A, B € GL,(R). Then, ¢ satisfies

lo(A)=16(B)Il = (A= B) - 1] < v/n - [|A - BJ|. (4)

It follows from (4) that ¢ is Lipzchitz and hence it is a continuous function. Since {1} is
a closed subset of R and ¢ is continuous, we may conclude that G, is a closed subset of
the general linear group. This proves our claim.

Now we study the tangent space of the Lie group G,. Given a differentiable path
A :[0,1] — Gy, with A(0) = I,,, and using the constraint A(t) -1 = 1 for all ¢t €
[0,1], we get A'(t) -1 = 0. Therefore, we conclude that A’(0) -1 = 0 and T1(G,) C
{X € GL,(R); X -1 =0} . Given a matrix A with eigenvalue A and eigenvector v, we have
ety = ey, for any ¢t € R. In particular for any matrix A € {X € GL,(R); X -1 =0}
(with eigenvector 1 and eigenvalue 0), et41 = €01 = 1. Since ¢4 € G,, for any t € [0, 1], the
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function f(t) = €' have the following propertles (1) f(0) = I, and (i7) f'(0) = A € T1(Gy).
Therefore, we conclude that {X € GL,(R); X -1 =0} C T1(G,) and we obtain the desired
equality 71(G,) = {X € GL,(R); X -1 =0}.

Since X = (zij) € T1(Gn), > j—y 5 = 0, Vi € {1,2,...,n}. Therefore, using elemen-
tary matrices Ejj, we get

X = Z wij - (Bij — Ein). (5)
ie{1,...,n}
je{l,...,n—1}

Hence, dimg 77(G,) = n(n — 1). In this section we show how the connected component
at the identity of G,, denoted by gg, is related to transition rate matrices of a continuous
time Markov chains. For this purpose, we use the following result.

Proposition 2.1. The set of stochastic matrices with positive determinant is path-connected.

The proof of this proposition is given in the end of the section. In possession of this
result one immediately obtain the following corollary.

Corollary 2.1. The connected component GO of the group of stochastic matrices at the
identity is given by the set of stochastic positive-determinant matrices, i.e.

G% = {X € G,;det(X) > 0}. (6)

Proof. 1t is well known, see [3] for instance, that the connected component of the general
linear group is given by the set of matrices with positive determinant; therefore G0 C
{X € Gp; det(X) > 0}. Conversely, it follows from the proposition 2.1 that the set of
stochastic matrices with positive determinant is path-connected which finishes the proof.

O

In possession of this result one immediately obtain the following theorem.

Theorem 2.1. Let G, be the group of stochastic matrices and GO the connected component
at the identity. Let H := {A € G, : det(A) = 1}. Then, there exists a L-matriz Qo such
that the descomposition GO = User eQotH is valid.

In the proof of the theorem above we follow the approach introduced in [6].

Proof. Let R~g be the multiplicative group of nonnegative real numbers with identity 1.
There exists a group homomorphism 9 between G? and R given by X + det(X). It
easily follows that GY/ker()) = I'm(¢)). Observe that H is a subnormal group of GO.
Since ker(¢)) = H and, by corollary 2.1, Im(¢)) = Rxg, it follows that GY/H = R.,.
Therefore we can safely write the connected component as GO = UQegg QH. Finally, fix
a matrix Qg € Ti(G,) with nonzero trace. We already know that e?° € G, and that
det(e@0) = (@) > 0, ie. e? € G0 In addition, given two matrices M, P € GO, we
know that MH = PH <= det(M) = det(P). Consequently, given a any matrix Q € GY
and choosing to = In(det(Q))/tr(Qo), we get that det(elo®@) = ¢lo!(Q0) = det(Q), i.e.,
QM = (toQo)H. Therefore G) = |J;cp €9°'H. This finishes the proof. O
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Corollary 2.2. For any matriz M € G, with positive determinant, there exists tg > 0, a
matriz P € G0 of determinant one and a L-matriz Qo such that

M = eQotogP. (7)

2.2 Example

Now we use Corollary 2.2 above in order to provide a numerical example of our results.
Indeed, we provide an example of a transition matrix M using equality (7). Let P be
matrix whose trace in not zero and such that the sum of its entries in each row is zero and
let Qo be a transition rate matrix

(-1 10 0,1070  0,3447 —0,4517
Q=3|0 -1 1], P=]00462 01351 —0,1813
0 1 -1 0,9554 —0,7133 —0,2421

Let to = 4,3329. It follows from (7) that

0,4415 0,5543 0,0042
M=10,3771 0,4091 0,2138
0,4257 0,3147 0,2596

1s a transition matrix.

2.3 Proof of Proposition 2.1

Let I denotes the identity matrix of order k, let Oxyx; denotes the zero matrix with

k rows and [ columns and Pglx)2 e ,qu;)2 denotes 2 x 2 stochastic matrices. Denote by

WO € GL,41(R) a block matrix of the following kind

o Li1)x(i-1) O(z‘—(il))><2 0(i—1)x (n—i)
W = 025 (i-1) P 02 (n—i)
O(n—iyx(i-1) Om—i)x@2) Ln—i)x(n—i)

We say that matrix X is of type W for i € {1,...,n} if X = W . Before proving
Proposition 2.1, we will prove the following lemma.

Lemma 2.1. Let Q € ggm) and let n > 2. Then, there exists a finite sequence of

matrices with positive determinant X1, Xao, ..., X,, such that
1 0 e 0

Y21 Y2,2 Y2,n+1
Q X -Xg--- Xy, = ) ) )

Yn+1,1 Yn+1,2 - Yndlntl

Moreover, the matrices X;, i € {1,...,m} are of type X; = WU for some j € {1,...,n}.
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Proof. Let Q € Gpq1) (n > 2) with positive determinant be given. The first step of the
proof consist in showing that there exists two matrices X, Xo such that

Q- X;-X;=QW, (8)

where Q) is a square matrix of order (n+ 1) given by

1 1 1
A G G
Q(l) — Q271 272 T Q?,n—i—l QQ,TL+1
Qi’b'i)‘lvl Q’SH)-LQ T Qf’b-i)-l,n—‘,—l Q’EH)-LTH—I

In order to show this equality we must divide its proof into three parts. Indeed, we
shall consider the folowing cases: (i) Q1n + Qin+1 > 0, (ii) Q1n + Q1n+1 < 0 and (iii)
Qin+ Qip+1 =0.

If Qin+ Q1ny1 > 0, take the matrix X; given by

X, — wm — [Lonxe-n Ot ) iy By, — (1 + Qa1 _Ql,n-i-l) and

02><(n—1) P2><2 1- Ql,n Ql,n

X =T i1)x(ms1). Thus, Q- Xy - Xo = QW with det(X1) = Q1 + Q141 > 0.

We can continue this process inductively obtaining two sequences of matrices QW
Q@, ..., Q" Y and Xi,..., Xo(,_1)41 such that

%71_1; Q?Q_l; (0 ) N (0 ) (O ) (0 )
n—1 n—1 n—1 n—1 n—1 n—1
Q(n_l) _ 2,1 Q2,2 2,3 U 2n—1 QZ,n QQ,nJrl
r;fl n‘,fl n.fl : nf:l n:fl nf:l

QiL‘FL% Q£L+17% é,B ) U Q£L+1,T)Lfl Q£L+1,T)L Q£L+1,1)1+1

and Q- X1, Xo,..., X 1).241 = Q™ where

1 0 o .- 0 0 0
g | @1 @ @y e e e o
5:21,1 Q7(1n+)1,2 gng) U Q7(1n+)1,n71 Qgﬁgl,n Qfﬁgl,n+1
It follows from the construction above that the matrices Xy, Xa, ..., X(,_1).241 have

positive determinant and are of type W), This finishes the proof of case (i). The proof
of cases (ii) and (iii) is similar and it is left as exercise for the reader. O

Using the previous lemma we prove the following proposition which is one of the most
important result of the work.

Proposition 2.2. The set of stochastic matrices with positive determinant is path-cconnected.
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Proof. The proof is by induction on the size of the stochastic matrix. If n = 2, the result
was proved in [6]. We assume that the result is valid for a given n and will show that the
result holds for n + 1.

Let Q € Gp1 with positive determinant. It follows from the lemma above that there
exists a finite sequence of matrices with positive determinant Xq,...,X,, such that Q -
X - X1+ X1 =Q/, where Q';; =1 and Q'y; =0 for ¢ # 1.

Applying elementary operations on Q' we obtain a new matrix (NQ such that Qi,l <1
forany i =2,3,...,n+ 1.

Let P be the diagonal matrix given by

1 ifi=j=1;
P = (P;) with Py =S Qy ifi=jei>1; (9)
0 in other case.

Note that P;; > 0 for any value of 4. Thus, P is invertible and has positive determinant.
Let Z = P‘lQ.~ Note that we can write the matrix Z as a matrix of blocks. Now,
using that P~1 - Q = Z we have that Q = (P - Z). Using a procedure analogous to the
proof of Lemma 2.1 we obtain a sequence of stochastic matrices with positive determinant
Y® YP-D YD QY such that Q = Y® . YP~D...Y1) . Q' . Y. Therefore Q' =
[Y®) . y®-D)...yW]=1(P . Z)Y L. Finally, since Q - X,, - X1 --- X1 = Q/, we may
conclude that Q = [Y®) . YD ...YW-YP . Z)Y ' [X,, - X1 --- X4
We know that

e The matrices X1, X, ..., X,, are of type W) and have positive determinant. By
induction hypothesis, the continuous paths X;(¢) satisfy X;(0) = I,,41 and X;(1) =
X; fori=1,2,...,m and t € [0, 1].

e The same claim is valid for the sequence Y, Y, Y®) . Y® We get continuous
paths Y (t) and Y () satisfying
YD(0) =1, YOU1) =Y, (10)
Y(0)=1,11, Y(1)=Y, witht € [0,1].

e Finally, we study the product PZ. Consider the continuous function P(¢) given by
a diagonal matrix with elements 1,et%(2) ... ettnlant1) with ¢ € [0,1]. Since Z
is a matrix of blocks and each block admits a continuous path, then the function
(PZ)(t) = P(t)Z(t) is continuous, stochastic and satisfies (PZ)(0) = I,4; with
(PZ)(1) = PZ.

Therefore, we can conclude that the function
Q) = [YP(1)- YT V(1) - YO (PZ)O)Y () [XKn () - K (1) - Xa (5)] 7" (11)

is continuous, has positive determinant and is a stochastic matrix in its domain. We also

have that Q(0) = I,4+1 and Q(1) = Q. This finishes the proof. O
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