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1 Introduction

Let Ω ⊂ Rd, d ∈ {2, 3}, be an open, bounded, polygonal domain with a Lipschitz
boundary ∂Ω. We consider the second order elliptic problem defined by finding u ∈ H1

0 (Ω)
such that

(A∇u,∇v)Ω = (f, v)Ω for all v ∈ H1
0 (Ω) , (1)

where f ∈ L2(Ω) and A ∈ L∞(Ω)d×d is a symmetric, uniformly elliptic tensor in Ω and
may involve multiscale features. In this work, we modify the Multiscale Hybrid-Mixed
(MHM) method [1] to propose a new multiscale finite element method to approximate (1).
Its construction starts from a Petrov-Galerkin formulation for the Lagrange multiplier
variable searched in a polynomial space enriched with residual functions. As a result,
jumping terms are added to the original MHM method. These extra terms preserve the
accuracy and the overall properties of the original MHM method, while yield underlying
symmetric positive definite linear systems. Some notations are needed at that point. We
start by introducing P, a collection of closed, bounded, disjoint polytopes, denoted K,
such that Ω̄ = ∪K∈PK. The shape of the polytopes K is, a priori, arbitrary, but we will
suppose they satisfy a minimal angle condition (see [2]). For each K ∈ P, nK denotes
the unit outward normal to ∂K. We also introduce ∂P, the set of boundaries ∂K, with
K ∈P, and E the following set of faces of P,

E := {E = K ∩K ′ or K ∩ ∂Ω : K,K ′ ∈P, and it is not reduced to a d− 1 variety} .

Also, let (·, ·)D be the L2(D)-inner product and 〈·, ·〉∂D the duality-product between

H−
1
2 (∂K) andH

1
2 (∂K). The following spaces will be useful in the sequel; V := H1(P) , V0 :=
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{v ∈ L2(Ω) : v|K ∈ P0(K), ∀K ∈P} , Λ := {τ · nK |∂K : τ ∈ H(div,Ω), ∀K ∈P} and
Ṽ = V ∩ L2

0(P). The finite dimensional space ΛH ⊂ Λ stands for the space of discontin-
uous polynomial functions on (sub)faces F ⊂ E of degree l ≥ 0, and Ṽh ⊂ Ṽ the space of
piecewise continuous polynomial functions in each K of degree k ≥ l + d. Here P0(K) is
the piecewise constant function space in each K ∈P, and L2

0(P) the space of functions
with zero mean value in K ∈P. The usual jumping operator is denoted by J · K.

2 The Petrov-Galerkin MHM method

Let Th and T̂h be the following local bounded linear mappings:

• ∀µ ∈ Λ, ∃! Thµ ∈ Ṽh s.t. (A∇Thµ,∇vh)K = (µ, vh)∂K , ∀vh ∈ Ṽh and K ∈P ;

• ∀q ∈ L2(Ω), ∃! T̂hq ∈ Ṽh s.t. (A∇T̂hq,∇vh)K = (q, vh)K ,∀vh ∈ Ṽh and K ∈P ,

and ah(·, ·), bh(·, ·), ch(·, ·) and fh(·, ·), f̂h(·, ·) are the following bilinear and linear forms,
respectively,

ah : Λ× Λ→ R where ah(λ, µ) =
∑
K∈P

〈µ, Thλ〉∂K −
∑
E∈EH

τE (JTh µK, JTh λK)E ,

bh : Λ× V0 → R where bh(λ, v0) =
∑
K∈P

〈λ, v0〉∂K −
∑
E∈EH

τE (JTh λK, Jv0K)E ,

ch : V0 × V0 → R where ch(u0, v0) = −
∑
E∈EH

τE (Ju0K, Jv0K)E ,


fh : V0 → R where fh(v0) = −

∑
K∈P

(f, v0)K +
∑
E∈EH

τE (JT̂h fK, Jv0K)E ,

f̂h : Λ→ R where f̂h(µ) = −
∑
K∈P

〈µ, T̂hf〉∂K +
∑
E∈EH

τE (JTh µK, JT̂h fK)E .

Here τE := αAmin
2HE

, HE is the diameter of E ∈ E , α is a positive constant independent
of the mesh parameters and Amin is the minimum value of the spectrum of A. The new
method is given as follows: Find (λH , u

h
0) ∈ ΛH × V0 such that{

ah(λH , µH) + bh(µH , u
h
0) = f̂h(µH) for all µH ∈ ΛH ,

bh(λH , v0) + ch(uh0 , v0) = fh(v0) for all v0 ∈ V0 .
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