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Abstract. In this paper, a less conservative sufficient condition that ensure the ultimate
boundedness of the solutions of switched TS fuzzy systems is proposed. The main result is
given in terms of linear matrix inequalities (LMIs), which were formulated by calculating
the derivative of the auxiliary function V along the solution of the system formed by a
convex combination of the switching subsystems. The LMI conditions were relaxed using
the S-procedure. A numerical example illustrates the efficiency of the proposed result.
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1 Introduction

Switched system has been used to model many applications in several areas [3,6,7,10].
Due to the large number of applications, the theory for this class of system has attracted
the attention of many researchers. In consequence, many approaches for stability analysis
and controller synthesis were developed [1,8,9,12]. However, the results presented in
these papers depend on the existence of a Lyapunov function or a Lyapunov-like function,
which it is not an easy task. In order to overcome this problem, in [11] sufficient LMI
conditions for the ultimate boundedness of the solutions of switched TS fuzzy systems were
presented. The main feature of the result is that the derivative of the function can assume
positive values in bounded sets. In this paper, we provide less conservative conditions than
presented in [11], by exploring the S-procedure. The S-procedure is a mathematical result
which provides information about a specific quadratic inequality by analyzing another
quadratic inequality. More details on this topic can be found in [2,4,5,7]. Henceforth,
Q denotes the closure of set Q, the notation P > 0 (P > 0) indicates that P is a real
symmetric and positive definite (semi-definite) matrix and the notation P < 0 (P < 0)
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indicates that P is a symmetric and negative definite (semi-definite) matrix, the symbol

“x” within a matrix represents the symmetric terms of the matrix and e; denotes a vector

with one at entry i and zeros elsewhere, that is, e, =[0 --- 0_1 0 --- 0] € R™ where’
i—th

denotes the transposed vector, 9Z denotes the boundary of set Z, and finally, inf and sup

denote the infimum and supremum of a subset, respectively.

2 Preliminaries

Let us consider the following switched TS fuzzy system
X() =) ook (@) Ag(aeynz(t) (1)
k=1

where x(t) € IR" is the state, o(z(t)) : R" — P is a piecewise constant function of the
state called switching signal, with P = {1,2,--- , N} and N the number of subsystems;
A,z € R™™ are the matrices of the local models and r is the number of local models
of each subsystem o(x(t)). It is assumed that the state of (1) does not jump at the
switching instants, that is, the solution x(¢) is everywhere continuous. In this work, the
dynamics behavior of (1) is investigated in the following subset of the state space:

Z:={a(t) e R : |a;(t)| <7}, jET (2)

where Z C {1,2,---,n} and Z; is a known positive real number for all j € Z. When
convenient, the argument of function hpi(z(t)) will be omitted and p will be used to
represent the case o(x(t)) = p.

From properties of membership functions the following relations hold:

VpEP, kER, hpp >0, Y hpp=1and » hy =0 (3)
k=1 k=1

with R = {1,2,--- ,r}.
Exploring (3), we can obtain

St e S b | [ S A | =0 ()

keR peEP keER pEP kEG)
P#£B

with 8 € P and G, a subset of R for all p € P, which is previously chosen.
To establish the main results of this paper, consider the set

N
P={acRY:q,>0, Ype P and Zapzl (5)
p=1
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3
and define
Z, = {:CGZ:efux::i*v}U{xeZ:e;x:—jv},VUG {1,2,--- ,n},
Q = {ze€Z:V(z) <t}
Qa,f = Qa - Qf? < a,
D = {axeZ:a Zthk(a:)Ppk x>0
pEP kEG)
Proposition 2.1. If there exists o € & such that system
N r
o(t) = Z p Z hpk Ape(t) (6)
=1 k=1

is asymptotically stable, then there exists a switching law that ensures the asymptotic
stability of the switched TS fuzzy system (1).

Proof. The proof follows [11]. O

In the next section, the S-procedure is explored to obtain less conservative conditions
than presented in [11].

3 Main Result

Consider a scalar function V : Z — R given by:
V(z) = 2'P(h)x (7)

where P(h) = Z Z hpkPpi. Using (7) the following result is obtained.
pEP keG,

Theorem 3.1. Consider system (1) in set Z and parameters a < min Z Z hpk, b1 >
ez pEP keG
p

;rel%%(z Z hpi and b > ||x||,Vx € Z. If for given real numbers € > 0 and o € M, there
pEP keG,
exists a real number ¢ < a such that sup V(z) < € and matrices Pp, = P}, € R™",
€D
M € R>2n T € R Ry, € R™™ satisfying (8)-(17), then, every solution ¢y (t,x)
of (1), with o € Qq, possessing a mized switching law o(t,z) which attracts x(t) to

while x(t) € Qg p.

Yorpe +Q=<0, kecgg (8)

Tprij +Q=<0, keR~Gg, 1€P, jEG 9)

Tﬁk,ﬁj + Tﬂjﬂgk +2Q <0, j,ke gﬁ, 1<k (10)
1

Tpk,pk_ﬁQ<07 pE'P—{ﬁ}, k‘Ggp (11)
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Tps— Q<0 pEP—{B), kER-G, icP, jeG (12)
Yok pi + Ypjpk — %Q <0, peP—{p}, k,jeG, j<k (13)
Ypkij + Tijpk — %Q <0, pieP—{B}, p<i, keG, jeg (14)
Tpr_ij + Tijpr + %Q <0, keGg i€P—{f}, jeu (15)
;?2)61,6; < PyVo € {1,2,n}bp € Pk €G, (16)
Py < pul, VpeP, keG,, (17)

with

Q = > D T +M and

PEP ke(R—Gp)

Yok ij ; (L pkAij + A;JL;/Dk) + EPp/’ﬂ/N Nb b2 * ) )
- Ppi/N — L /N + iRy A (—Rpr — R /N

Proof. From [11], we have that the level set 2, is contained in Z and 09Q,N9Z = ). Now,
multiplying (8) by h3y, (9) by hgrhij, (10) by hgrhg;, (11) by b2y, (12) and (14) by hpihij,
(13) by hprhypj, (15) by hgihi; and adding all terms we obtain:

ST harhi; (Yorig + Q)+ > > hprhsi(Tarsi + Tajpn +2Q)

ke(R—Gp)i€P j€G; keGp jEGs
<k

3 S (Yo~ Q)+ Z X TS ek (Tows -~ 79)

pEP keG, PEP ke(R—Gp) i€EP jEG:

p#p p#p
2
Y B (Tt Q)+ Y 505 (Yo + T~ 520
keGg pEP keG, i€P jEG;
p#B gg

2
+ Z Z Z hpichp; <Tpkpj +Ypjpk — ]\/'_1Q>

pEP kEG, FEG,
p#B j<k

N -2
+ Z Z Z haihij (Tﬁkij +Yij gk + NIQ)

kEGp i€P jEG;
B

= Z D> D huwhig Yo
P keg,

i€EP JER
S sk~ g 0D (z ) hpk> Q=o0. (18)
kER giz kER pEP kEG,
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)
Replacing (4) in (18) we have that
L(h)A(a, k) + A(a, h)'L(h) + eP(h - .
pE’P kGp <0 (19)
P(h) — L(h) + R(h)A (e, h) —R(h) = R(h)
where L(h) =Y Y " hypLpp, R(R) =Y > hypRpp and A(a,h) = > > aphprApg.
pEP keGy pEP keGy pEP KER

Pre-multiplying and post-multiplying (19) by the vector [z’ z’A(a, h)’] and its transpose,
respectively, it yields

2’ { A(a, h)P(h) 4+ P(h)A(a, h) + eP(h T Z > hpr px =<0, (20)
pEP kGp
that is,
2 {A(c, h)P(h) + P(h)A(a,h) }z < — 6”9”” S5 b
PEP kGp

< —e(V(z)—0) <0, (21)

for all = such that V(z) > /.
The time-derivative of the function (7) along the trajectories of (1) is given by:

V() =2/ haPpi p o+ 2/ {A(a, h)P(R) + P(h)A(a, h)} . (22)

PEP kEG)

By (21), we can say that the second part of (22) is negative definite whenever x ¢ ;. Since

sup V(z) < £ < a, we can conclude by Lemma 1 from [11] that every solution ¢, (t,x0)
€D
of (1) with zp € Q, possessing a measurable mixed switching law o(t,z) is attracted

to  while z(t) € Q0. Moreover, if (16) and (17) holds, then xlz Z hpr Pprx <

pEP kEG,
Z Z hpka' p. Therefore, minimizing p the set {x € Z : 2’z < ﬁ} C Q,, makes Q, to
pE’P k‘egp
be maximized. O

Remark 3.1. From [11], a measurable mized switching law o(t,x) satisfying Theorem 3.1
can obtained with

1, if xely
o(@) =4 p, if ve@\(JTw) (23)
k<p

where I'y = {x € B: VV(x)fp(z) <0 and VV(x)fp(x) < VV(z)fr(z), VE € P—{p}}.

In the next example presents a comparison between the feasibility region obtained with
Theorem 1 from [11] and Theorem 3.1.
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Example

Consider a switched TS fuzzy system (1) with the following local models:

1 0 -5 0 —-10 —-10 -—-15
A11=[ }, A12:|: 0 1]; A21=[ 0 Z;], A22:[ 0 _3}» (24)

and membership functions

50 — 22 — 23 3
11 50 ) 12 11, 21 257

hgg =1- h21 (25)
in the set Z = {x € R? : |21] <5 and |xs| < 5}. Adopting parameters b = 2V5,b) =
1.5,a1 = 0.6, =04,8=1,0=0.19, ¢ = 0.7 and ¢ = 0.2. Figure 1 shows the feasible
region in the plane a; X ag obtained with [11] and Theorem 3.1. Note that the conservatism
is reduced significantly by Theorem 3.1.

-5rX X X X X X X X X X X
-55rX X X X X X X X X X X
-6rX X X X X X X X X X X
-6.5rX X X X X X X X X X X
-7riX¥ X X X X X X X X X X
-75rX X X X X X X X X X X
-8riX X X X X X X X X X X
-85rX X X X X X X X X X X
-9riX X X X X X X X X X X
-9.5-X X X X X X X X X X X
-10riX X X X X X X X X X X
2‘0 2‘5 3‘0 3‘5

Figure 1: Comparison of the region of the plane a; X ag between [11] (O) and Theorem 3.1

().

4 Conclusions

In this work, LMI-Based conditions to ensure the ultimate boundedness of the solutions
of switched TS fuzzy systems were proposed. The result provided sufficient conditions to
the existence of an auxiliary function V' (z), such that, its time derivative can be positive
in some bounded sets. Finally, the S-procedure was used to obtain less conservative
conditions than recent published results. A numerical example illustrates the efficacy of
the proposed method.
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