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Abstract. In this work we study the existence and uniqueness of solutions for a second
order semilinear §-a-y-evolution equation with fractional damping term which includes some
partial differential equations as plate equation under effects of rotational inertia or not and
Boussinesq type that can model hydrodynamics problems.

Palavras-chave. Plate type equation. Generalized Boussinesq equation, Fractional Lapla-
cians, Generalized rotational inertia. Fractional dissipation. Existence and uniqueness.

1 Introduction

We consider in this work the following Cauchy problem for a second order generalized
d-a-y-evolution equation with a fractional damping in R",

{8t2u + (=AY 0%u + bA%u + a(—A)*u + (—A)0u = B(—A) uP, 1)

u(0, z) = up(x), Owu(0, x) = ui(x),

where u = u(t, z) with (¢, x) €]0, co[xR", b, a > 0, § € R constants, p > 1 a integer and
ug, u1 are the initial data. The exponents J, a, 6 and « of the Laplacian operator are such
that 0<6<2,0<a<2,0<0<(246)/2and 0<vy<(246)/2.
1.0.1 Abstract Semilinear Problem: Existence of Solution

Let X be a Banach space and B a linear operator of X. Consider the abstract Cauchy

problem
W_Buwy+FU®)  forall ¢>0
at (2)
U(0) =Uy where Uy e X

and F' is a function not linear.
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Definition 1.1. A function F: D(B) — D(B) is continuous Lipschitz in bounded sets of
D(B) C X if given a constant M > 0 there exist a constant Ly; > 0 such that

IBU) = FOW)||x + [Bu(FU) = FOW))|x < Lar (U = Wlx + [ Bu(U = W)l|x)
for allU and W in D(B) such that we have

[Ullx +[[BU|lx <M and |[W|x +[BW|x < M.

Theorem 1.1. Let F': D(B) — D(B) a continuous Lipschitz function in bounded sets of
D(B) C X. For all Uy € D(B), there exist only one strong solution U of Cauchy problem
(2) defined in a mazximal interval [0, T,,[ such that only one of the following conditions is
true

(i) T =o0 (i) Twm<oo and lim {|U|x+|BU|x} = occ.
t—Tm

The solution U of Cauchy problem (2) belongs to the following class
U € CH[0, Tu[; X)NC([0, Trn[; D(B)).

2 Existence and Uniqueness of Solution: Linear Problem

Through the Theory of Semigroup we show the existence and uniqueness of solutions
to the following Cauchy problem in R™ with n > 1,

(3)

OPu + (—A)°0u + A%u + a(—A)*u + (—=A)?9u =0
U(O, 33‘) = Uo(.%'), atu(ov J}) = ul(x)v

where u = u(t, z), with (¢, z) € ]0, co[xR™ and a > 0 is a constant. The exponents of
Laplacian 0, o, 6 are such that 0 <6 <2, 0<a<2and 0 <6 < (2+4)/2.

To show the existence and uniqueness of the solution, we consider two cases depending
on the exponents of the Laplacian operators,

246
(i) 0<0<éand 0<6<2 (i) 0<6<0 and ogeg%. (4)

and for each case we consider operators that reduced the problem to a first order one. In
case (i) we have the operator By: H*9(R") x H*(R") — X and J;: X — X are given by
0 I 0

B, = and J1(U) =

~43 0 (I + (=A%) (u— (~A)%)

where the operator Ay = (I + (—A)‘s)fl(ocA2 — A + 1) is defined in H*79(R"™). In the
second case we consider the operators By: H*9(R") x H*(R") — X and Jy: X — X are
given below,

0o I
B = l_ 4 — AJ and  J(U) =

i)
(T4 (=8)")  (u+0)]”
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where Ay = (I + (—A)‘s)_l(I + (—=A)?) defined in D(Ag) = H*79(R") e Ay is the same
as in case (i).
Using the energy space X = H?(R) x H°(R™) we can rewrite the problem (3) in matrix

form JU
ﬁ:BU—&—J(U) forall ¢>0
U(0) = Uy,

where U = (u, dyu), U(0) = (up, u1) and the operators B and J adequate for each case.

Using the Lumer Phillips Theorem in A. Pazzy [?], we are going to prove that B is the
infinitesimal generator of contraction semigroup of class Cy in X and that J is a bounded
operator in X. Then, B 4+ J generate a semigroup of Cy class in X. That is, there exist
unique global solution for the associated linear Cauchy Problem (3).

Theorem 2.1. Letn > 1,0 < § < 2and 0 < 0 < (2+68)/2. Ifug € H*(R") e
u; € H%(R™) then the Cauchy Problem (3) have only one solution u in following class

u € C*([0, oof; H(R™)) N CH([0, oc[; H*(R™)) N C ([0, cof; H*°(R™)).

3 Existence and Uniqueness: Semilinear Problem

We consider the following Cauchy problem for the semilinear equation in R"
OPu+ (—A)002u + A%u + a(—A)u + (—A)00u = B(—A) uP, (5)
u(0, z) = up(x), Ou(0, x) = ui(x),

where u = u(t, x), with (¢, ) € ]0, co[xR™, a > 0, 8 # 0 and p > 1 integer. The
fractional powers of the Laplacian operator are considered as follows 0 < § <2, 0 < a < 2,
0<0<(2+490)/2and 1/2 <~ <(240)/2.

As in the linear problem, to study the existence of solutions, we need to divide the
problem into two cases as in (4).

We reduce the order of the Cauchy Problem (5) and rewrite it in the following matrix
form

dt

dU
— = BU+ F(U) forall t+>0
U(0) = Uy

where U = (u, 0wu), Up = (ug, u1) and the operator B is defined in the Section 2 of according
to each both cases mentioned above and is the infinitesimal generator of contraction of
semigroup of class Cp in X. The operator F' is the operator which contains the non-linear
term.

3.1 Local Existence

Since B is the infinitesimal generator of contractions semigroup of class Cp in X, and
if we prove that the operator F' is well defined as an operator F': D(B) — D(B) and is
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Lipschitz continuous on bounded sets, then we can apply the Theorem 1.1 to conclude
that there exists unique solution U in a maximal interval [0, T;,[, for each initial data
Uy € D(B), such that one and only one of the following conditions below is true,

i) T = oo ii) Tn<oo and lim {||U]x +|BU|x} = oo
t—>Tm
In addition, we have U € C([0, T,,,[; X) N C([0, T;,[; D(B)).
As is the case (i) of (4) the local existence we must consider the fractional power ~ in
the following interval 0 < v < (2 + 6)/2. As in the linear case let us consider the usual
energy space X. Consider the system (5) rewrite in matrix form

dU

— =B U+ (U
i U+ Fi(U)
U(0) = Uy

where U = (u, v) € X, Uy = (up, u1) € X and the operators By : H*°(R") x H*(R") — X
and Fy: D(By) — D(By) are given by

0 I 0
B = [—AQ 01 and  Fy(U) = l([+(A)5)_1(u(A)%Jrﬁ(A)Wup)]'

Thus, we have that F} is Lipschitz continuous on bounded sets of D(B;) and due to
the fact that Bj is the infinitesimal generator of contractions semigroup of class Cp in X
by the Theorem 1.1, we get the following theorem of existence and uniqueness of solutions.

Theorem 3.1. Let 0 < §<6,0<0<(2+6)/2,0<~v<(2+49)/2, p> 1 integer and
0 <n < 8—235. Then, for all initial data (ug, u1) € H*O(R™) x H2(R™) there exist only
one solution for semilinear Cauchy problem (5) in the mazimal interval [0, Tp,[ in a class

ue C*([0, Tnl; HO(R™) N C'(0, Tu[; H*R™) NC([0, Trnl; H°(R))
with one and only one of following conditions true,

i) T = oo i) T, <oo and {IIU]lx + 1 B1U|x } = oo.

lim
t—Tm

In the second case (ii) in (4) rewriting the system (5) in the matrix form we have

dt

d
£:B2U+FQ<U) forall ¢>0
U(0) = Uy

where U(t) = (u, v) and Uy = (ug, u1) in X and the operators By: H*79(R") x H*(R") —
X and Fy: D(Bg2) — D(B3) given by

0 I
BQ == [_A2 —AQ] and FQ(U) =

0
(I+(=2)°) " (u+v+ B(—A)’Yup)] '
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In a similar way to the previous section we can prove, also in this case, that F5 is well
defined and is Lipschitz continuous on bounded sets of D(Bz) and a Bj is infinitesimal
generator of a contractions semigroup of class Cy in X. Then, using again the Theorem 1.1,
we conclude the following theorem of existence and uniqueness of solutions.

Theorem 3.2. Let 0 < 0 < 4§, 0 <5 <2,0<~v<(2+90)/2, p> 1 integer and
0 <n <8—45. Then, for initial data (ug, u1) € H*9(R™) x H*(R") there exist only one
solution for semilinear Cauchy problem (5) defined in a maximal interval [0, Tp,[ in class

ue C*([0, Tnl; HO(R™) N C'(0, Tu[; H*(R™) NCO([0, Trnl; H(R™))
with one and only one of the following conditions true

i) T =00 ii) T<oo and lim {|Ux +|BoUx} = oo,
t—Tm

3.2 Global Existence

In this section we show that the maximal interval of existence in the previous cases
is [0, oo[, by assuming the additional condition v > «/2. For this, let us assume that
T < oo and we will prove ||U||x + ||BU||x < oo, so we conclude that T},, = oc.

Applying the Fourier Transform in the variable x in the Cauchy Problem (5) we find
the following equivalent Cauchy problem in the Fourier space

{(1 + [E)0F 0 + (I¢l* + aleP)a + |¢[* 0 = Ble| w2, ©)

(0, §) = o (§), (0, §) = @1 (§).
Using the principle of Duhamel, we know that the solution of the Cauchy Problem (6)
is given by

e —

A A 3 A
it €) = H(t, o + Gt i +8 [ Gt =7, O g (m O (D)

and we still have to

€

~ ~ o
ata(ta 5) = atH(t7 f)ﬁo + 8tG(t7 f)'&l + /8/0 8tG(t - T, é)WUP(Ta 5) dT? (8)
where
R e}\+t _ eA_t R
G(t’ 6) = ﬁ and G(t7 SU) = %’_I(G(tv ))(1:)3
Jr - —_
A g =2 TA H(t, ) = 5 (A ) @)
- A

being that the exponent A4+ has the following form

e lE1 — Al€l2(1+ [E2)(€ ]2 + ale[22-2)
- 201+ [€[%)

+
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The following estimates
(14 [¢[**) |02+ (€[* + alg]*~2)]af?
<55 MO (14 |6 an  + 1€ (1P + ale* ) ao?)  (9)

can be proved in a similar way to estimate in the Lemma 3.6 of Horbach et al. [3], where

elg2(E? + alg*7?), g <1 e 0<6< %
15‘29 « 24+46
po(§) = ET@%’ €] <1 e 5 <0<~
|£P 2_+
PR > <pHh<
€1+|£|25’ [ >1 e 0<0< 5

Lemma 3.1. Let G(t, €) and H(t, &) fundamental solutions of linear problem associated
to problem (6). Then we have the following estimates,

N L L 1 L+ [€*)
i G2 <5e épe(&)t; ii G2<5e Lpo(O)t ( ;
) ol ) PP + ale™2)
2(1¢12 202
e KPOEP Hal€P2) e e
(1+1€*) B

The proof of the Lemma 3.1 uses the relation (9).

Again in case (i) of (4) the estimate of |U(t)||% + [|B1U(#)||% for all ¢ € [0, Tp,[, with
the assumption that 7' = T,,, < oo, where U = (u, 0yu) and u is the solution of (5) given
by Theorem 3.2.

In the process of proof we obtain the following inequality

iii) |9 H|? <5e”

Mi(t) < O(IBUOIK + [l ) +C Tdi (1), (10)
1

-1,

for t € [0, Thu[ with Ty, < 00 and Mi(t) = sup (|[U(7)[% + | BiU(7)[%), for 0 <t < Ty,
0<r<t

To show that the solution of the Cauchy Problem (5) is global, that is, T}, = +oco we
will need the following elementary lemma of calculus.

Lemma 3.2. Letp > 1 and F(M) = aly+bTMP—M, M > 0, a real continuous function,
with a, b, Iy, T positive constants and M > 0. Then, there exists unique Mgy > 0 absolute
minimum point of F(M) in [0, co[. In addition, there exists € > 0 such that if 0 < Iy < &
then F(Mp) < 0.

We note that the function M;(t) is not negative and satisfy a inequality F'(Mi(t)) >0
for all t € [0, T5,[ due to inequality (10) with F'(M) the function given in Lemma 3.2 with
a=b=C,T =T, and Iy = | B Up||% + |lw]>

w

—1,1
Therefore, if 0 < Iy < e and € > 0 given by Lemma 3.2, due to the continuity of the
function M (t), there are only two possibilities,

(a) My(t) < My for all t e [0, T),] or (b)  M;i(t) > My for all t € [0, Ty,

DOI: 10.5540/03.2020.007.01.0444 010444-6 © 2020 SBMAC


http://dx.doi.org/10.5540/03.2020.007.01.0444

Proceeding Series of the Brazilian Society of Computational and Applied Mathematics. v. 7, n. 1, 2020.

However, we note that M (0) = ||Up||% + || B1 Up||%- Then, assuming another condition
on the initial data that M;(0) < My (Mp the global minimum point of Lemma 3.2), it
follows that M;(t) < My for all ¢ € [0, T, by the continuity of M;(t) with t € [0, T},].
The condition (a) holds.

Therefore, if T, is finite, it follows that ||U|% + [|BiU||% is also bounded for all
t € [0, T),[. This contradicts the condition of Theorem 3.2. So, we must have T,,, = +00
and the solution is global.

Theorem 3.3. Let 0 < 0 < 0,0 <0 <2, 1/2 << (2+)/2, p> 1 integer and
1 <n<8—28. Consider the initial data ug € H*~°(R") and u; € H*(R") N W _1 1(R")
satisfying 0 < Iy < e and M1(0) < My with e, Iy, My, M;(0) given above and in Lemma 3.2.
Then there exist only one global solution uw = u(t, x) for Cauchy Problem (5) such that

u € C*([0, oofs H'(R™)) N C'([0, oof; H*(R™)) NC([0, oofs H'™*(R™)).

In the second case (ii) of (4) it is shown that a limitation for ||U||% + || B2U||% for all
t € [0, To,[, with U = (u, Oyu) and u the solution of (5) given by Theorem 3.1. Analogously
to the previous case one obtains the following theorem.
Theorem 3.4. Let 0<0<6,0<60<(2+0)/2,1/2<~v<(240)/2, p> 1 integer and

1 <n < 8—25. Consider the initial data ug € H*°(R) and uy € H*(R") N W _1 1(R")
satisfying 0 < Iy < e and M2(0) < My with e, Iy, My, M2(0) given above and in Lemma 3.2.
Then there exist only one global solution u = u(t, x) for Cauchy Problem (5) such that

u € C*([0, cof; HO(R™) NCH([0, oo HX(R™)) N C([0, cof; H'™*(R™)).
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