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Resumo: We consider the numerical approximation of homogeneous Fredholm integral equa-
tions of second kind. We employ the wavelet Galerkin method with 2D Haar wavelets as shape
functions. We thoroughly describe the derivation of the shape functions and present a prelimi-
nary numerical experiment illustrating the computation of eigenvalues for a particular covariance
kernel.
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1 Introduction

A large class of random processes, stationary or non-stationary, can be expressed in terms of
deterministic orthogonal functions and uncorrelated random variables. This representation is
obtained from the eigenvalues and eigenfunctions of a homogeneous Fredholm integral equation
of the second kind whose kernel is given by the covariance function of the random process. This
approach has been widely used in the parametrization of parameters for elasticity problems,
heat and mass transfer, fluid mechanic and acoustic [1, 6, 9].

In order to obtain a high performance in the representation of random processes it is necessary
to accurately calculate the eigenpairs of the covariance function. In some special cases, these
eigenpairs can be analytically obtained [9], but in general one needs to resort to the numerical
discretization of Fredholm integral equation. Several numerical methods have been used with
this purpose (see [7] and the references therein).

In this study, we highlight the Galerkin method with wavelet shape functions [3, 4, 5, 8] for
the computation of the eigenpairs of the covariance in the two-dimensional case. To accomplish
the task, we use two-dimensional Haar wavelet basis functions [2]. A similar study was conducted
in [8] and treated only the one-dimensional case.

The work is organized in the following way: in Section 2, two-dimensional Haar wavelets
are introduced. In Section 3, the formulation of the method based on Haar wavelets and the
discretization of the linear two dimensional integral equation of second kind is described. In
Section 4 a preliminary example illustrates the proposed method.
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2 Problem setting

Let D = [0,1] x [0,1]. We consider the Hilbert space L?(D) of real-valued functions equipped
with the usual inner product and induced norm

<u7v>=/DU(m)v(ﬂf) dz, ||oll2(p) = (v, v)'/2. (1)

Let K : D x D — IR be be a symmetric covariance kernel. We assume that K(x,y) is of
nonnegative-definite type, i.e., for any finite subset D,, C D and for any function u : D, — IR,

Y. K(z,yu(@)u(y) > 0. (2)

z,y€Dn

We have that K admits the spectral decomposition

z,y) = Y Mvur(@)ur(y), (3)
k=1

where the nonnegative eigenvalues Ay and the orthonormal eigenfunctions ug (k > 1) are the
solutions of the homogeneous Fredholm integral equation

/Kwy y)dy = \u(x), x € D. (4)

2.1 Variational formulation and Galerkin approximation

Let us consider the variational formulation of the Fredholm integral equation (4): find Ay € R
and uy(x) € L3(D) (k =1,2,...) such that

a(ug,v) = A\, (ug,v) Vv € L*(D), (5)

(u,v) //K:By Jo(x) dy de. (6)

Let V}, be a finite-dimensional subspace of L?(D) and let {v1,...,on} C L?(D) be a basis
of Vj,. The Galerkin approximation to (5) in V}, consists of finding A} € IR and ul(z) € V,
(1 <k < N) such that

a(uz,vh) = )\Z (uz,vm Yop € Vy. (7)

Since {v1,...,vn} is a basis of V},, we have that (7) is equivalent to solving the system of
equations

a(up,v;) = X (uff,v;) 1<i<N. (8)

Let us write UZ with respect to the basis of Vj:

N
M) =) ujvi(,y), (9)
j=1

By substituting (9) into (8) and using the linearity a(-,-), we find
N
Zuja(vj,vi) = A Zuj<vj,vi> 1<i<N. (10)

In matrix form, we have the generalized eigenvalue problem Ku;, = )\ZWuk, where the
matrices K and W are defined by the coefficients

K@j = a(vj,vi), VVZ‘J' = <Uj,’l)i>, 1 S i,j S N. (11)

If the basis functions vy, ..., vy are orthonormal, then W = I and the problem (10) reduces
to the standard eigenvalue problem Kwu; = )\Zuk.

DOI: 10.5540/03.2014.002.01.0060 010060-2 © 2014 SBMAC


http://dx.doi.org/10.5540/03.2014.002.01.0060

Proceeding Series of the Brazilian Society of Applied and Computational Mathematics, Vol. 2, N. 1, 2014.

3 Selection of the basis functions

We build the shape functions v;, 1 <i < N, from the 1D Haar scaling function ¢(t) = x(o,1)(t)
and the 1D Haar mother wavelet 1 (t) = X[0,1/2)(t) — x[1/2,1/1)(t), i-e.,

1 0<t<1/2,
1 0<t<1,
o(t) = e =41 12<t<, (12)
0 otherwise. .
0 otherwise.

From ¢ and ¢ we define the functions ¢y, ,,(x) = 2™/2¢(2™x—n) and Y, ,(x) = 272 (2" —
n), and then, following [2], the 2D functions

wf(r?n,l(xv y) = ¢m,n(x)1/}m,l(y)a
0 (@9) = Yrn(@)dmay), (13)
5O @) = Yran(2)Ymay).

For simplicity let us initially partition the domain D into 2™ x 2M square elements. Our
first basis function is

vi(z,y) = ¢o,0(x)0,0(y), (14)

22M e define the shape functions v; as

whereas for 2 <17 <

vilw,y) =00 (2,y), (15)

where the indices 0 < m < M —1,0<n,l <2™ —1, and k = 1,2,3 are related to the global
index 7 as follows:

i=2""432™1+n)+k (i>1). (16)
Let us also notice that
1
¢m,n($) = ﬁ [¢m+l,2n(35) + ¢m+l,2n+l(x)] , (17)
1
m.n = = m n - Pm n . 18
Ymn(T) 7 [Pm+1,20(2) = Dmt1,2n+1(2)] (18)
From (13), (24), (17) and (18), we can rewrite the 2D functions as follows:
1
¢$3n7l(xay) = ) [1/}7(731.17271,21(%9) +¢£7?2§_172n72l+1(x7y)
0 0
+ ¢£n2&-1,2n+1,2l(x7 y) + @Z)ﬁnlmnﬂ,mﬂ(m’ y)} ) (19)
1 171 0
Woha@y) = 5 [ zna @) = Yk s (219)
+ 3 (2,) — ¥hy, (2,y) (20)
ma1,2n+1,20\0: Y ma1,2n4+1,24+1\ 0 Y) |
1
wg,)n,l(x’y) -~ 9 [wggil,Qn,Ql(:B?y) + ¢£2)+1,2n,21+1(95,y)
0 0
- ¢£n)+1,2n+1,2l(x’ y) — ¢§nzrl,2n+1,2l+1(x7y)} ) (21)
3 17 0
¢fn,)n,z(w,y> = 3 {7/17(7111,271,21(3773/) - 1/}7(7125-1,2n,2l+1(x’y)
— (2,9) + ¥ry, (2,y) (22)
mt1,2n+1,20\F Y ma1,2n+1,204+1\ 5 Y) | -
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3.1 Assembling the discrete eigenvalue system

In order to compute the entries K; ; = a(vj,v;) of the discrete eigenvalue system, let us introduce

the auxiliary coefficients

(0) (0)
Kni,li,nj,lj = a(y M,nj,l; 717Z}Mm,2)’

(1) (0)
Kmi,nmli,mj,anj a(lﬂ RIYNY 71/}777411”17 z>’
< @ gl
ki,ming,limg,mg,l; mg,nj,l;? mnm, )

~(3) (k)
Kmuni,liykymj,njh a(qpmg,nml ’wmnm, )’

-(4) (k)
Kki:mi:ni’li:kjvmjvnjvlj - a(wmjznjal 7wmzvnw )’

and the additional function

1/’7(73)711( y) = Om, n(T )¢m,l(3/)~

In analogy with (16), the arrays above may be arranged as matrices as follows:

- (0) _ 70
Kni,li7nj,lj - K2‘Mli+ni+1,2Mlj+'rL]'+1’
KD I
( )mivni7li7mj ,nj,lj (22mi 71)/3+2mi l¢+n¢+1,(22mj 71)/34»27"]' lj +nj+l’
~ (9 ~
Kk'i:mivnialiymjvnjylj o 22mi 132 [;4n; )+ ki, (2279 —1) /34279 L+nj+1
(3) _ 7®
mgniylikg mgngly (22mi —1) /3424 l;+n;+1,2%™5 +3(2™7 Li+nj)+k;’
- (4) _ @
ki7mi7ni7li7kj7mj7nj?lj o 22ml+3(2ml lz+nz)+kl,22mﬂ +3(2m3 lj+7lj)+kj

Furthermore, note from (23) that

(1 . .
Ké,gooo,m i=73=1,
(5 .
K:: = K’(fi,)mi,ni,li,o,o,o’ 2 S t=n, =1,
h ) 1=1,2<7<n
O,O,O,kj,mj,nj,lj7 - b = ] = 9
Ky <ij<

ki,mi,ngli ki mgnglio —

In order to calculate the coefficients K ,(1 )l njl;e
UL ELY]

and (9) along with the rectangle quadrature rule:

~(0) oM g (= - — _ M 1
Ko, =2 K(TMngs T, TMng, TM)s TMpn = 2 nts |-

Note that Kff_’)l_

i5bisTlg b4

(24)

(25)

(0 < niyliynj, l; < 2M) we use relations (5)

;. 1, up to index permutations, the matrix of the piecewise-constant finite

element method for (4) [1]. In the following we describe a pyramid algorithm [2] to recover

(4)

b s Lo Jes e 1.0 avoiding the need of further integrations.
39T, 5 TG, T 005

We use relations (19)-(22) and the bilinearity of a(-, -) to compute the coefficients K (1

m;,ng,li,Mn;,l;

for 0 < m;,l; < 2™ as well as the coefficients K@ for 0 < nj,l; < oM

kiymg iy, Mng,l;

For instance, we have from (19) and (23) that, for 0 < n;,l; < 2M~1,

= (1) _ 110 =~ (0) ~(0) ~(0)
KMfl,ni,li,M,nj,lj - 5 K2ni,2li,nj,lj + K2m,2l¢+1,nj,lj +
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In general, we have for m; < M and 0 < n;,l; < 2™ that

) _ ieo (1)
Kmi,ni,li,M,anj - 5 _Kmi+172ni72li7Manj:lj +Kmi+172ni72li+laM,nj7lj
(1) (1) ]
+ Kmi+172ni+1,2li,M,nj,lj + Kmi+l,2ni+1,2li+1,M,n]-,lj_ ?
~(2) _ g (1)
Klvmwni,li,M,nj,lj 9 _Kmi+172ni72li7M7njalj o Kmi+172nz',2li+17M,nj7lj
(1) (1) ]
+ Kmi+172ni+172li,M,nj,lj - Kmi+172ni+1,2li+1,M,nj,lj_ ’
+(2) _ Lpo 4RO
2,mi,n¢,li,M,nj,lj - 2 L m¢+1,2ni,2li,M,nj,lj mi+1,2ni,2li+1,M,nj,lj
(1) (1) ]
- Km¢+1,2ni+l,2li,M,nj,l]~ - Kmi+1,2ni+l,2h+1,M,nj,lj_ ’
+(2) _ eo /W
3,mi,ni,li,M,nj,lj - 2 L mi+1,2ni,ZZi,M,nj,lj mi+1,2ni,2li+1,M,nj,l]~
(1) (1) ]
- Km¢+1,2ni+1,2li,M,nj,lj + Kmi+1,2ni+1,2l¢+1,M,nj,lj_ .

Afterwards, we compute K from K@ following the same procedure:

7@ _ lzo L RO
kiminilimgngl; = 9 kiymgmgli,mi+1,2n;,21; ki,mgng,ly,mi+1,2n;,20;4+1
~(2) ~(2) |
+ Kki,mi,ni,li,mj+1,2nj+1,2l]- + Kki,mi,ni,li,m]-+1,2nj+1,21j+1_ ?
@ e )
kiymimnili, Lmgngly 9 [T kimisnglimg 41,205,215 kiymimi,lim;+1,2n;,21+1
~(2) ~(2) ]
+ Kki,mi,ni,li,mj+1,2nj+1,2lj - Kki,mi,ni,li,mj+1,2nj+1721j+1_ )
@ _ Llizo L RO
kiymimnili,2mgngl; 7 9 [T kiminglim+1,2n5,21; kiymini,lim;+1,2n;,215+1
_R® _Kk® |
ki,mi,ni,li,mj+1,2nj+l,2lj ki,mi,ni,li,mj+l,2nj+1,21j+l_ ’
7@ _ Llizo _ 5@
kiymg,ng i, 3,mg gty 2 kiyminglimg+1,2n5,21; kiyming,li,mi+1,2n;5,205+1
r-(2) ~(2)
- Kki,mi,ni,li,mj+1,2nj+1,2lj + Kk,‘,mi,m,li,mj+1,2n]~+1,2lj+1 .
; r-(3) : .
We also need the entries of K0’070’kj7mj7nj’lj in (26):
(3 _ Liga A0
0,0,0,l,mj,nj,lj - 2 0,0,0,mj+1,2nj,2lj 0,0,0,mj+1,2nj,2lj+l
L RO RO ‘
0,0,0,mj+1,2nj+1,21j 0,0,0,mj+1,2nj+1,2lj+l )
(2 A0 o)
0,0,0,27mj,nj,lj - 21 O,O,O,mj+172nj,2lj 0,0,0,mj+l,2nj,21j+1
_ kW _ kW ]
0,0,D,mj+1,2nj+l,2lj 0,0,0,mj+1,2nj+1,2lj+l_ ’
(2 _ lpw _&W
0,0,0,3,mj,nj,lj - 2 [ 0,0,0,mj+1,2nj,2lj 0,0,0,mj+1,2nj,2lj+1
_ kW 40, ]
0,0,0,mj+1,2nj+1,2lj 0,0,0,mj+1,2nj+1,2lj+1_ .

4 Numerical results

In this section, we applied the method presented in this work to calculate the eigenvalues of
separable exponential covariance function K (x,y) = exp(—|z1 — y1|/n — |x2 — y2|/n) (n = 0.1),
whose exact eigenvalues and eigenfunctions are known [9]. Numerical results obtained using
Matlab are shown and compared with the exact eigenvalues in Figure 1.
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Figure 1: Eigenvalues generated by the method of 2D Haar Wavelets and exact eigenvalues

5 Final remarks

We have extended the work by Phoon et al [8] to a two-dimensional domain, although (non-
homogeneous) Fredholm integral equations have been solved with 2D Haar wavelets elsewhere
[4]. Forthcoming work comprises testing additional covariance functions and providing error
estimates for the approximate eigenvalues and eigenfunctions.
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