Proceeding Series of the Brazilian Society of Applied and Computational Mathematics, Vol. 1, N. 1, 2013.

A NUMERICAL CALCIUM TRANSIENT PATTERN EQUATION IN MEDAKA EGG
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Abstract— We presented a numerical simulation based in the equation for diffusion with the chemical reaction with a sim-
pler cubic kinetics to describe a simplifying transient concentration pattern of Ca®* in the cortex upon fertilization in medaka
egg fish. A uniform model with a fixed diffusion parameter and a slowly varying diffusion were compared. The concentration
of Ca2+pattern in the cortex in Medaka egg pattern was highest in the animal pole and tapering off towards the vegetal pole in
agreement with the gradient of the reactivity pattern along the egg and probably reflects the gradient in Ca>* sequestering sites
of the cortical endoplasmatic reticulum membranous. Our results of the numerical simulations seem to suggest (not a proof)
that must there was a stronger resequestration capacity of free calcium more than the passive diffusing into the interior of the

medaka egg fish particularly near the animal pole.

Keywords— CSCR mechanism, Transient calcium pattern, Gompertz model, Biomechanical system.

Resumo— Apresentamos uma simula¢do numérica baseada na equacdo de difusdo com a reac¢@o quimica com uma simples
equacio cinética cibica para descrever de forma simplificada a concentragio transiente de Ca>* no cértex apés a fertilizagio
do ovo do peixe medaka. Um modelo uniforme com um pardmetro de difusdo constante e uma difusdo de variacdo lenta sdo
comparados. A concentracio de Ca** padrio no cértex do ovo do medaka foi maior no pélo animal e indo em direcgdo ao
polo vegetal de acordo com o gradiente de reatividade padrdo ao longo do ovo e, provavelmente, reflecte o gradiente de Ca*
requisitado do reticulo endoplasmdtico membranoso. Os resultados das simula¢cdes numéricas parecem sugerir (ndo € uma
prova) que deve haver uma forte capacidade de resequestro do célcio livre do que o processo de difussdo para o interior do ovo
medaka peixe particularmente perto do pélo animal.

Palavras-chave— Mecanismo CSCR, Padrio de calcio transiente, Modelo de Gompertz , Sistema biomecanico.

1 Introducio

Using the luminescence of aqueorin technique
(Shimonura and Johnson, 1976), Gilkey et al. (1978,
fig.1) succeeded in recording by the first once the
explosive wave of Ca”" that was initiated at the site of
sperm entry and propagated along the cortex to the
antipode site of the fish Medaka egg. Cheer et
al(1987) adopted a model for calcium wavefronts
propagation sustained by the calcium release. They
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shall assume that the release of calcium from internal
sources as the membranous sequestering sites, (pre-
sumably cortical endoplasmatic reticulum, CER) oth-
er than the large cortical vesicles involves a calcium-
stimulated-calcium-release mechanism (CSCR). The
Fig.1 describes certain aspects of unfertilized
Medaka+ egg obtained from the experimental data of
Gilkey et al.(1978). Lionel Jaffe (2006-2008) also
reported that the calcium waves in the cortex of
Medaka eggs are propagated by cycles of CSCR
mechanism.
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Figure 1. Diagram of unfertilized medaka egg (Gilkey et
al.1978). A sperm will cross the chorion (Ch) via the mycropole
(M), enter the cytoplasm (Cy) and initiate a wave of cortical vesi-
cle secretion. Vesicles are indicated by small circles. Large central
yolk (Y) compartment.

In Fig.2 (Gilkey et al. 1978, fig.2a) can be seen
the free calcium wave propagation across a sperm-
activated medaka egg. Successive photographs are
10s apart. The last frame is a tracing showing the
leading edges of the eleven frames wave fronts.

© 2013 SBMAC


http://dx.doi.org/105540/03.2013.001.01.0035
http://dx.doi.org/10.5540/03.2013.001.01.0036

DOI: 10.5540/03.2013.001.01.0036

Proceeding Series of the Brazilian Society of Applied and Computational Mathematics, Vol. 1, N. 1, 2013.

Figure 2.The calcium wave in medaka. The data showing the
progression of the calcium wavefronts as it passes over the surface
of the egg, beginning at the animal pole (AP). Note that the wave
slows down in the vegetal hemisphere (six frames after the equa-
tor), which indicates that the cortex is not a uniform medium. AP=
animal pole, VP= vegetal pole.

The results obtained by Gilkey et al. (1978) were
generally confirmed those reported by Yoshimoto et
al.(1986) that in detailed analysis of the characteris-
tics of the aequorin luminescence technique in
medaka eggs suggested that, the peak Ca** concentra-
tion was maintained constant during the propagation
of the wave of the surface of the egg although the
peak Ca®* concentration in the cortex was higher at
the animal pole. These results seem for us suspect
because two reasons: (a) as reported by Yoshimoto et
al.(1986) is difficult to precisely compare peak val-
ues of the Ca®* concentration among different regions
of the cortex using the luminescence of aequorin
technique. In spite of these difficulties the authors
related, it is obvious that the Ca’*peak in the region
of the cortex near the site of sperm entry was larger
than the peak in other regions, although the differ-
ence was variable in different eggs and (b) Cheer et
al, 1987(Fig.3) obtained a map of cortical reactivity
in medaka eggs which indicated a gradient of reactiv-
ity along the egg: highest in animal hemisphere and
tapering off towards the vegetal hemisphere. So to
studies the Ca®" concentration pattern in different
latitudes of the surface of the medaka egg we take the
simpler model presented by Murray (1989) to de-
scribe the CSCR mechanism. Numerical simulations
were used to suggest that phase sperm- induced or
artificial-induced calcium transient over the egg sur-
face were in agreement with the reactivity cortical
map pattern proposed by Cheer et al.(1987, fig.5b).
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Figure 3.The map of cortical reactivity observed by Cheer et al,
1987 where P/r is the permeability of Ca** compart-
ment/resequestration rate.
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However this work describe simplicity the form
the CSCR mechanism proposed by Cheer et al (1987)
observed in certain fertilized amphibian eggs we pre-
sent a calcium transient pattern in medaka egg sur-
face. This phenomenon was reported years ago by
some authors as Ridgway and Ashley (1967), Baker
et al (1971), Fabiato and Fabiato (1975) and Endo et
al (1970) that proposed the CSCR mechanism gov-
erned the excitation-contraction behavior of cardiac
cells and skeletal muscle fibres. So to know the gra-
dient of the transient Ca® concentration in the ana-
lyzed nerve, skeletal muscle fibres, cardiac cells or
cortex of the amphibian eggs can be useful to under-
stand the kinetic of in vivo release and reabsorption
in these tissues.

2 A simpler model for reaction diffusion system

Cheer et al.(1987) described the kinetic of CSCR and
resequestration as two processes: (a) The CSCR in-
volves the release of calcium from membranous se-
questering sites (CER) where the trigger of calcium
release is a threshold concentration ¢ of calcium. So
as reported by Murray (1989) this is a process
whereby calcium, Ca2+, if perturbed above c*, causes
a dumping, of the sequestered calcium making the
system to move to another steady state. This happens,
from calcium sites on the membrane enclosing certain
fertilized amphibian eggs as the medaka fish and (b)
Resequestration calcium Ca®* occurs also in such
remain membrane. Without resequestration, the cal-
cium level would in high level producing a wavefront
which would advance over egg surface. So if we de-
noted the concentration of Ca** by ¢, the kinetics
model can be naturally written as (Murray, 1989)

f©)=Ae)—r(c)+L @)

Where A(c) the autocatalytic release is rate of calci-
um, r(c)its resequestration rate and L represents a
small leakage. As presented by Murray (1989) the
specific form on the eq.(1) becomes

dc k.c?
—=L+—1 ke (= 2
’l’ kz Cz 3C ( f(C)) ( )

where the k’s and L are positive parameters. The
qualitative form of f(c)that would be used in our

studies is illustrated in Fig.4 (Murray, 1989).
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Figure 4. In this kinetic model L is fixed and f{c) has a qualitative
dynamic behavior as a cubic polynomial with three positive zeros.

If supposed the calcium concentration on the
surface of the egg is uniformly at the lower steady c;
then the directions of the arrows in the Fig.4 indicate
how ¢ will change when if a perturbation with a given
concentration is introduced. If the perturbation is to a
value less than c,=c’, ¢ — ¢, contrary ¢ —c; s0 c; is

a threshold concentration. As reported by Murray
(1989) the quantitative form in eq. (2) can only be
seem a plausible caricature from the complexity of
CSCR mechanism given by the eq. (1). Therefore, to
make a simplifying caricature of eq.(2) preserving the
qualitative dynamic behavior for the concentration c
and the requisite three numbers of zeros is introduced
a cubic namely presented by Murray (1989,
fig.13.11b) namely

% =f@©=Ac=c)e=e)c=c3) ()

Where A is a positive constant and ¢; <c¢, <c5 .

The simpler model for us adopted was related
firstly by Murray (1989) is based on the CSCR pro-
cess and that the Ca®* diffuses happens on the cortex
(surface) of the egg. Its mathematical description will
involve only the polar angle € measured from the top
of the sphere and varying between zero and pi. The
Ca® wavefront must increase its periphery in the
northern hemisphere as it advances while decreasing
with increasing latitude (See the last frame in Fig. 2)
in agreement with the gradient of reactivity along the
egg (given by the map of cortical reactivity obtained
by Cheer et al., 1987, Fig. 3). We take the mathemat-
ical model reaction diffusion system presented by
Murray (1989) to describe the CSCR process and the
diffusion of calcium on the medaka egg surface as

d_ ~ 1V(9% dc
§=A(c—cl)(c2 _C)(C_C3)+{R] (892+8000t6J (4)
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Where D is a diffusion parameter and R is the ratio of
the egg.

3 Methods

The difference finite method was applied in the eq.
(4) using the approximations

2 n+l n+l n+l
d°c _Chm 2+

= 5
06° AG? ®
de_cm=c (6)
20~ Ad
de Ml —¢r
o 7
ot A6G ™

Where 6. =iAG, 6i=0..N,t, = jAt,j=0.n

Substituting eqs. (5-7) into eq. (4), resulte a TriDia-
gonal Matrix Algorithm (TDMA)

Ac!H 4+ B! + Ce = Ec! + Fely +G ®)

Where A=-DAt, B=R*A6”+2DAt, C=-DAt,
E = R*A6” — DAtABcot 6,

F = DAtA@cot8;and G = R*AG*Arf (c!).

For each fixed j (j=0,..,n—1)is associated a
N—-1xN-1 TDMA system where all concentra-

tions ¢/ can be estimated by iterative Gauss-Seidel
method.

4. Results and Discussion

The boundary conditions for eq. (4) are:
c(0,t=0)=0, 6>0 )

It is a natural condition, because we think that the
entry of the sperm in mycropole in zero time must not
make raises free calcium in other regions of the egg
surface. This condition also was proposed by Cheer
et al.(1987). They also proposed the second condi-
. ac | =0
tion as —

ot 16=0
the authors for their choice.
As said later Ridgway et al.(1977) and Gilkey et
al.(1978) observed that the calcium level in medaka
eggs (using light emitting protein aequorin technique
to follow changes in free calcium concentration dur-
ing fertilization of eggs from medaka) when upon
activation by sperm (or by ionosphere) presented a
dramatic increase in the cytoplasmic calcium concen-
tration returned to virtually resting levels, and finally,
subsequent development proceeds with occasional
small calcium transients. They also reported that the
main rising phase of sperm-induced (or ionosphere-

=0, however no details was given by
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induced) calcium transients is exponential and the
last phase has small calcium transients. So we as-
sumed the original second condition to model the
explosive raise of calcium in the animal pole (8 =0)
using a Gompertz model presented by Boyce and
DiPrima (1997) used to governing the increasing of
population of certain species. The Gompertz model
(eq. 10) was so used for us to simulate the concentra-
tion of Ca®* in the cortex at the site of sperm entry
and in the vegetal pole.

ﬂ=ryln£ (10)
dt y

Where the solution is

exp(—rt)
Yo
=K| L 11
y ( % j (11)

Where K in our studies are the maximum concentra-
tionc(0,¢), t=0, and c(iz,t), t=20and y, can be

seem the initial concentration and r are the rates of
increasing. Differently of the strategy adopted by
Lane et al. (1987) that modeled both the mechanical
and mechanochemical waves observed in amphibian
eggs with different model assumptions our objective
was obtain a pattern from the concentration of calci-
um transient in surface of medaka egg. Some parame-
ters used in our simulations can be considered as me-
dium values obtained of the data reported by Gilkey
et al.(1978) and Cheer et al.(1987) being the r pa-
rameters taken as empirical values. The position of
the c;- also were taken in restricted locations (Gilkey
et al., 1987), although could be taken in any region of

the surface of the egg. The parameters used in our
studies in the model given by eq. (4) were:

Table 1.
Dates Notation Value
Radius of the egg R 0.06cm

Diffusion coefficient D 1.0x103 em?s™!

Inverter  coefficient | A 9.0x10 % em?s™!
amplitude
Rate associated with | r 0.081 ( §71 )
increased
concentration
Initial concentrations Yoi 1.58%1077
of Ca2* . molar

Yo2 9.9x1078
Initial concentrations | ¢ -7

1 1.5x10

in threshold molar
concentration in 6, © 1.6x1077

“ 1.8x107
Maximum K, 1.0x107% molar
concentration of »

K, 1.0x1077

calcium in  the
beginning

: 10.5540/03.2013.001.01.0036
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" where: 6, :%, o, :%and 6; :5?”

The empirical linear diffusion is defined as
D(8)=1.0x10" —1.4x107°0 (12)

Where0< @<z with D(6)decreasing slowly in

relation of the fixed D diffusion parameter.Fig.6
shows the pattern of the Ca** concentration along the
egg with an expressive decreasing until the equator
latitude and the Ca** concentration maintained con-
stant after the equator. No significantly difference
seems to be with the D fixed and D variable diffusion
adopted parameters.
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Figure 6. Ca®* concentration pattern along the egg medaka fish
surface with a D fixed and a changeable D .

There is an agreement with the map of the
cortical reactivity (Fig.3) and the pattern of Ca®*
concentration along the egg medaka pattern showed
in Fig.6. Our main resulted is that the Ca>* concentra-
tion on the cortex of the egg must be higher before
the equator latitude because the gradient of cortical
chemical reactivity is highest in the animal hemi-
sphere and tapering off towards the vegetal hemi-
sphere. In other words as reported by Cheer et
al.(1987) the animal hemisphere is more kinetically
active than the vegetal hemisphere. Using a changea-
ble D diffusion parameter a small increasing of Ca**
concentration was observed in surface of medaka egg
when in comparison with the fixed D diffusion pa-
rameter. Seems for us more realistic the model be-
cause to use a changeable D diffusion parameter be-
cause the cortical proprieties are not uniform on the
egg surface. Since as related by Yoshimoto et al
(1986), that the propagation of the Ca®* wave over
the entire cortex of the egg is due to an active CSCR
mechanism rather than to passive diffusion is sug-
gested by us, not a proof, that the sensible variation
of Ca™ concentration in the region between 0 until
90° (Fig. 6) can be attributed the kinetics of
resequestration of Ca>*. The obtaining of realistic
parameters for the eq. (4) must be very difficult and
needs the experimental measures as example the
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resequestration rate parameter can be determined
from measurements on the decrease in luminescence
of aqueorin technique (Cheer et al.,1987).

5 Conclusions

We have adopted the simpler model only for the cal-
cium concentration for the cortex of the egg medaka
fish. No significantly changes were noted between
the models one with a D fixed diffusion parameter
and other com a variety D diffusion parameter with a
slowly constant rate of decreasing. Our main resulted
is that the Ca>* concentration pattern on the cortex of
the egg was in agreement with the gradient of cortical
chemical reactivity that is highest in the animal hemi-
sphere and tapering off towards the vegetal hemi-
sphere. And was suggested, not a proof that in animal
hemisphere seems there is a stronger resequestration
capacity of free calcium although the free calcium
can be to passive diffusion into the interior of the egg
medaka fish.
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7 Contribution of these paper

Was used the Gompertz Model to "govern" the ini-
tial and final Ca®* concentration in the surface of the
medaka egg fish.

These concentrations were incorporate in the
simplify transient model to the describe the Ca®**
concentration in the cortex upon fertilization in
medaka egg fish. The results of the numeric simula-
tion showed a reasonable agreement between the Ca®
concentration pattern and the map of cortical reactivi-
ty observed by Cheer (1987) and other authors.
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