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Abstract. Since the first work on Ulam-Hyers stabilities of differential equation solutions to date,
many important and relevant papers have been published, both in the sense of integer order and
fractional order differential equations. However, when we enter the field of fractional calculus,
in particular, involving fractional differential equations, the path that is still long to be traveled,
although there is a range of published works. In this sense, in this paper, we will investigate the
Ulam-Hyers and Ulam-Hyers-Rassias stabilities of mild solutions of the fractional nonlinear abstract
Cauchy problem in the intervals [0, T ] and [0,∞) , by means of Banach’s fixed point theorem.
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1 Introduction

In 2012, Wang and Zhou [10] in their work, investigated several kind of stabilities of the mild
solution stability of the fractional evolution equation in Banach space, namely: Mittag-Leffler-
Ulam stability, Mittag-Leffler-Ulam-Hyers stability, Mittag-Leffler-Ulam-Hyers-Rassias stability
and generalized Mittag-Leffleer-Ulam-Hyers-Rassias stability. Zhou and Jiao [11], using fractio-
nal operators and some fixed point theorems, investigated the existence and uniqueness of mild
solutions of fractional neutral evolution equations and made some applications in order to elucidate
the obtained results. In this sense, Saadati et. al. [2], presented results on the existence of mild
solutions for fractional abstract equations with non-instantaneous impulses. In order to obtain
such results, the authors used non-compactness measure and the Darbo-Sadovskii and Tichonov
fixed point theorems.

Although we are faced with a significant amount of work dealing with solution properties of
fractional differential equations, there is still much work to be done. In order to propose new results
and provide new materials on Ulam-Hyers stability in order to contribute positively to the area,
the present work has as main objective to investigate some Ulam-Hyers stabilities in the intervals
[0, T ] and [0,∞).

So let’s consider the fractional nonlinear abstract Cauchy problem given by{
HDα,β0+ ξ(t) = Aξ(t) + u(t)H(t, ξ(t)), t ∈ I

I1−γ0+ ξ(0) = ξ0
(1)

where HDα,β0+ (·) is the Hilfer fractional derivative of order 0 < α ≤ 1 and type 0 ≤ β ≤ 1, I = [0, T ]
or [0,∞), ξ ∈ Ω, Ω Banach space, t ∈ I, : Ω → Ω is the infinitesimal generator of a C0-semigroup
(S(t))t≥0 and H : I × Ω → Ω is a given continuous function.
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The work is organized as follows. In section 2 we introduce the ψ-Riemann-Liouville fractional
integral, the ψ-Hilfer fractional derivative and fundamental concept of the operator (α, β)-resolvent.
In this sense, it is presented the mild solution of the fractional Cauchy problem as well as the Ulam-
Hyers stability. In section 3, it is directed to the first result of this work, that is, we investigate
the Ulam-Hyers and Ulam-Hyers-Rassias stabilities in the [0, T ] range and discuss some particular
cases.

2 Preliminaries

Let T > 0 be a given positive real number. The weighted space of continuous functions
ξ ∈ I1 = (0, T ] and I = [0, T ] is given by [4]

C1−γ(I1,Ω) =
{
ξ ∈ C(I1,Ω), t

1−γξ(t) ∈ C(I1,Ω)
}

where 0 ≤ γ ≤ 1, with norm
||ξ||C1−γ = sup

t∈I
||ξ(t)||C1−γ

and
||ξ − ϕ||C1−γ

= d1−γ(ξ, ϕ) := sup
t∈I

||ξ(t)− ϕ(t)||C1−γ
·

Let (Ω, || · ||C1−γ
) be a given Banach space and I = [0,+∞) or I = [0, T ] where T and L (Ω)

the set of bounded linear maps from Ω to Ω.
Let (a, b) (−∞ ≤ a < b ≤ ∞) be a finite interval (or infinite) of the real line R and let α > 0.

Also let ψ (x) be an increasing and positive monotone function on (a, b] , having a continuous

derivative ψ′ (x) (we denote first derivative as
d

dx
ψ(x) = ψ′(x)) on (a, b). The left-sided fractional

integral of a function f with respect to a function ψ on [a, b] is defined by [4, 5]

Iα;ψa+ f (x) =
1

Γ (α)

∫ x

a

ψ′ (s) (ψ (x)− ψ (s))
α−1

f (s) ds. (2)

On the other hand, let n − 1 < α < n with n ∈ N, let J = [a, b] be an interval such that
−∞ ≤ a < b ≤ ∞ and let f, ψ ∈ Cn [a, b] be two functions such that ψ is increasing and ψ′ (x) ̸= 0,

for all x ∈ J . The left-sided ψ−Hilfer fractional derivative HDα,β;ψa+ (·) of a function f of order α
and type 0 ≤ β ≤ 1, is defined by [5]

HDα,β;ψa+ f (x) = Iβ(n−α);ψa+

(
1

ψ′ (x)

d

dx

)n
I(1−β)(n−α);ψ
a+ f (x) . (3)

Next, we present the definition of the fundamental operator (α, β)-resolvent in the presentation
of the mild solution of the fractional abstract Cauchy problem Eq.(1).

Definition 2.1. [3] Let α > 0 and β ≥ 0. A function Sα,β : R+ → L (Ω) is called a β-
times integrated α-resolvent operator function of an (α, β)-resolvent operator function (ROF) if
the following conditions are satisfied:

1. Sα,β(·) is strongly continuous on R+ and Sα,β(0) = gβ+1(0)I;

2. Sα,β(s)Sα,β(t) = Sα,β(t)Sα,β(s) for all t, s ≥ 0;
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3. the function equation
Sα,β(s)Iαt Sα,β(t)− Iαs Sα,β(s)Sα,β(t) = gβ+1(s)I

α
t Sα,β(t)− gβ+1(t)I

α
s Sα,β(s) for all t, s ≥ 0.

The generator A of Sα,β is defined by

D(A) :=

{
x ∈ Ω : lim

t→0+

Sα,β(t)x− gβ+1(t)x

gα+β+1(t)
exists

}
(4)

and

Ax := lim
t→0+

Sα,β(t)x− gβ+1(t)x

gα+β+1(t)
, x ∈ D(A), (5)

where gα+β+1(t) :=
tα+β

Γ(α+ β)
(α+ β > 0).

Now, we consider the continuous function given H : I × Ω → Ω such that, for almost all t ∈ I,
we get

||H(t, x)−H(t, y)||C1−γ ≤ ℓ(t)||x− y||C1−γ , x, y ∈ Ω (6)

where ℓ : [0, T ] → R+ and u : [0, T ] → R are two given measurable functions such that ℓ, u and ℓu
are locally integrable on I.

The following is the definition of the Mainardi function, fundamental in mild solution of the
Eq.(1). Then, the Wright function, denoted by Mα(Q), is defined by [1, 7]

Mα(Q) =

∞∑
n=1

(−Q)n−1

(n− 1)!Γ(1− αn)
, 0 < α < 1, Q ∈ C

satisfying the relation ∫ ∞

0

θδMα(θ) dθ =
Γ(1 + δ)

Γ(1 + αδ)
, for θ, δ ≥ 0·

Lemma 2.1. [1, 7] The fractional nonlinear differential equation, Eq.(1), is equivalent to the
integral equation

ξ(t) =
tγ−1

Γ(γ)
ξ(0) +

1

Γ(α)

∫ t

0

(t− s)α−1 [Aξ(s) + u(s)H(s, ξ(s))] ds , t ∈ [0, T ]· (7)

A function ξ ∈ C1−γ(I,Ω) is called a mild solution of Eq.(1), if the integral equation, Eq.(7)
holds, we have

ξ(t) = Sα,β(t)ξ(0) +
∫ t

0

Tα(t− s)u(s)H(s, ξ(s)) ds , t ∈ I (8)

where Tα(t) = tα−1Gα(t), Gα(t) =

∫ ∞

0

αθMα(θ)S(tαθ) dθ and Sα,β(t) = Iβ(1−α)0 Tβ(t).

For a given ξ0 ∈ Ω and any ξ ∈ C1−γ(I,Ω), we set

Λ(ξ)(t) := Sα,β(t)ξ0 +
∫ t

0

Tα(t− s)u(s)H(s, ξ(s)) ds (9)

for all t ∈ I.
For the procedure in this paper, ℓ, u are measurable functions such that ℓ, u and the product ℓu

are locally integrable. Moreover, it is easy to see that the application ξ → Λ(ξ) is a self-mapping
of the space C1−γ(I,Ω).
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On the other hand, for ξ0 ∈ Ω and ε, we consider

ξ(t) = Λ(ξ(t)), t ∈ I (10)

and the following inequalities

||ξ(t)− Λ(ξ(t))||C1−γ
≤ ε , t ∈ I (11)

and
||ξ(t)− Λ(ξ(t))||C1−γ

≤ G(t) , t ∈ I (12)

where ξ ∈ C1−γ(I,Ω) and G ∈ C1−γ(I, (0,+∞)).
The following are the definitions of the main results to be investigated in this paper. The

definitions were adapted to the problem version of fractional differential equations. Then we have:

Definition 2.2. [3,10] The Eq.(10) is Ulam-Hyers stable if there exists a real number c > 0 such
that for each ε > 0 and for each solution ξ ∈ C1−γ(I,Ω) of Eq.(10) such that

||ξ(t)− v(t)||C1−γ
≤ ε , t ∈ I· (13)

Definition 2.3. [3, 10] The Eq.(10) is generalized Ulam-Hyers stable if there exists
θ ∈ C1−γ([0,+∞), [0,+∞)), θ(0) = 0, such that for each ε > 0 and for each solution ξ ∈ C1−γ(I,Ω)
of Eq.(11) there exists a solutions v ∈ C1−γ(I,Ω) of Eq.(10) such that

||ξ(t)− v(t)||C1−γ
≤ θ(ε) , t ∈ I· (14)

Definition 2.4. [3, 10] The Eq.(10) is generalized Ulam-Hyers-Rassias stable with respect to
G ∈ C1−γ([0,+∞), [0,+∞)), if there exists cG > 0 such that for each solution ξ ∈ C1−γ(I,Ω) of
Eq.(12) there exists a solution v ∈ C1−γ(I,Ω) of Eq.(10) such that

||ξ(t)− v(t)||C1−γ
≤ cGG(t) , t ∈ I· (15)

3 Ulam-Hyers and Ulam-Hyers-Rassias stabilities of mild
on [0, T ].

Let (Sα,β(t))t≥0 the (α, β)-resolvent operator function on a Banach space (Ω, || · ||C1−γ
). and

the continuous function ξ : [0, T ] → Ω, given by

Λ(ξ)(t) := Sα,β(t)ξ0 +
∫ t

0

Tα(t− s)u(s)H(s, ξ(s)) ds , t ∈ [0, T ) (16)

for ξ0 ∈ Ω fixed.
Then, we have the theorem that gives certain conditions, guarantees the Ulam-Hyers stability

to Eq.(10) on the finite interval [0, T ].

Theorem 3.1. Let (Sα,β(t))t≥0 the (α, β)-resolvent operator function on a Banach space (Ω, || ·
||C1−γ

), with 0 ≤ γ ≤ 1 and let T > 0 be a positive real number. We set

λ̃ := δ

∫ T

0

ew(T−s)|u(s)|ℓ(s) ds· (17)

If λ̃ < 1, then the Eq.(10) is stable in the Ulam-Hyers sense.
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Thus, we conclude the first part of the result. Next, we will investigate the Ulam-Hyers-Rassias
stability by completing the first purpose of this paper.

Theorem 3.2. Let (Ω, || · ||C1−γ ) be a Banach space and let (Sα,β(t))t≥0 be a (α, β)-resolvent
operator function on Ω. Let δ ≥ 1, w ≥ 0 be constants such that

||Sα,β(t)||C1−γ
≤ δ ewt and ||Tα(t)||C1−γ

≤ δ ewt (18)

for all t ≥ 0. Let ξ0 ∈ Ω, T > 0 and G : [0, T ] → (0,∞) be a continuous function.
Suppose that a continuous function f : [0, T ] → Ω satisfies∣∣∣∣∣∣∣∣f(t)− Sα,β(t)ξ0 −

∫ t

0

Tα(t− s)u(s)H(s, f(s)) ds

∣∣∣∣∣∣∣∣
C1−γ

≤ G(t) (19)

for all t ∈ [0, T ].
Suppose that there exists a positive constant ρ such that

ℓ(s)|u(s)|ew(T−s) ≤ ρ (20)

for almost all s ∈ [0, T ]. Then, ∃CG > 0 (constant) and a unique continuous function v : [0, T ] →→
Ω such that

v(t) = Sα,β(t)ξ0 +
∫ t

0

Tα(t− s)u(s)H(s, v(s)) ds , t ∈ [0, T ] (21)

and
||f(t)− v(t)||C1−γ

≤ CGG(t) , t ∈ [0, T ] · (22)

Demonstração. Consider K > 0 be such that Kδρ < 1 and continuous function ϕ : [0, T ] → (0,∞)
as follows, ∫ t

0

ϕ(s) ds ≤ K ϕ(t) , t ∈ [0, T ]. (23)

Now let, f , G satisfy the inequality (19) and α̃G, β̃G > 0 such that

α̃Gϕ(t) ≤ G(t) ≤ β̃Gϕ(t) , t ∈ [0, T ] · (24)

On the other hand, for all h, g ∈ C1−γ(I,Ω), consider the following set

dϕ,1−γ(h, g) := inf
{
C ∈ [0,∞) : ||h(t)− g(t)||C1−γ

≤ Cϕ(t) , t ∈ [0, T ]
}
·

It is easy to see that (C1−γ(I,Ω),dϕ,1−γ) is a metric and that (C1−γ(I,Ω),dϕ,1−γ) is a complete
metric space.

Now, consider the operator Λ : C1−γ(I,Ω) → C1−γ(I,Ω) defined by

(Λh)(t) := Sα,β(t)ξ0 +
∫ t

0

Tα(t− s)u(s)H(s, h(s)) ds , t ∈ [0, T ]·

The next step is to show that Λ is a contraction in the metric space C1−γ(I,Ω) induced by
metric dϕ,1−γ . Then, let h, g ∈ C1−γ(I,Ω) and C(h, g) ∈ [0,∞) a constant such that

||h(t)− g(t)||C1−γ ≤ C(h, g)ϕ(t) , t ∈ [0, T ] ·

Then, using Eq.(18), Eq.(20) and Eq.(23), we obtain

||(Λh)(t)− (Λg)(t)||C1−γ
≤ C(h, g)δρKϕ(t) , t ∈ [0, T ]·
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Therefore, we have dϕ,1−γ(Λ(h),Λ(g)) ≤ δρKC(h, g) from which we deduce that

dϕ,1−γ(Λ(h),Λ(g)) ≤ δρKdϕ,1−γ(h, g) ·

Using the fact that δρK < 1, we have that Λ is a contraction in (C1−γ(I,Ω), dϕ,1−γ). In this
sense, through Banach’s fixed point theorem, we have that there is a unique function v ∈ C1−γ(I,Ω)
such that v = Λ(v). Now, using By the triangle inequality, we get

dϕ,1−γ(f, v) ≤ dϕ,1−γ(f,Λ(f)) + dϕ,1−γ(Λ(f),Λ(v))
≤ βG + δρKdϕ,1−γ(f, v)

which implies that

dϕ,1−γ(f, v) ≤
βG

1− δρK
. (25)

Which in turn, we obtain

||f(t)− v(t)||C1−γ
≤ βG

1− δρK
ϕ(t)

≤ βG
1− δρK

G(t)

αG
= CGG(t) , t ∈ [0, T ]

(26)

where CG :=
βG

(1− δρK)αG
, which is the desired inequality (22).

4 Concluding remarks

We conclude this work with the objectives achieved, that is, we investigate the Ulam-Hyers and
Ulam-Hyers-Rassias stabilities for the mild solution of the fractional nonlinear abstract non-linear
Cauchy problem: the first part was destined to the limited interval [0, T ] and the second part to
the interval [0,∞). It is important to emphasize the fundamental role of the Banach fixed point
theorem in the results obtained.

Although, the results presented here, contribute to the growth of the theory; some questions still
need to be answered. The first question is about the possibility of investigating the existence and
uniqueness of mild solutions for fractional differential equations formulated via ψ-Hilfer fractional
derivative.
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