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Resumo: In this work we give arithmetical properties for the boundary of a class of Rauzy frac-
tals R, given by the polynomial 3 — ax® + x — 1, a > 3. We give an automaton that generates
this boundary and we prove that it is homeomorphic to S*.
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1 Introduction

The Rauzy fractal was studied by many mathematicians and was connected to to many topics as:
numeration systems ([8],[6]), geometrical representation of symbolic dynamical system ([2], [7]),
multidimensional continued fractions and simultaneous approximations ([3], [5]), auto-similar
tilings ([2], [8]) and Markov partitions of Hyperbolic automorphisms of Torus ([7], [8]). There
are many ways of constructing Rauzy’s fractals one of them is by §-expansions.
Let 8 > 1 be a fixed real number and = any positive real number. Using Greedy algorithm
oo

we can write T = Z a_if~", a_; € ZN[0,B) (B expansion of z). A Pisot number 8 > 1 is an
i=Np

algebraic integer whose conjugates other than itself have modulus less than one. Let Fiin(3) be

a set consisting of all finite f—expansion and consider the condition

Fin(B) = Z[B~ ] NR"T  (property F)

The Pisot numbers that satisfy property (F) were characterized in [1] as being exactly the
set of dominant roots of the polynomial (with integers coefficients)

Pa7b(x)::v3—ax2—b:r—1, a>0, -1<b<a+1.
(If b= —1 add the restriction a > 2). In particular, this set is divided into three subsets:
a) 0> b > a, and in this case d(1,3) = -abl.
b) b= —1, a > 2. In this case d(1,3) = -(a — 1)(a — 1)01.
¢) b=a+1, and in this case d(1, 8) = -(a+1)00al, where d(1, ) is the Rényi S-representation

of 1 (see citerényi).

We can associated a fractal to each of this cases above. The fractal associated to (b) is given
by

o0
Ra = {Z a;y a;a;—10;—20;—3 <jep (@ —1)(a —1)01, Vi > 5} 7
i=2
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where <j, is the lexicographic order on finite words. In [4] we prove some topological and
arithmetic properties of R, and give a complete description of the boundary of Ry. The purpose
of this work is to present a complete description of the boundary of R4, a > 3. For this we need
the following results:

Theorem 1.1. R, induces a periodic tiling of the plane C modulo Z(a—1)+Z(a?—a). Moreover

OR, = | J(RaN (Ra+v)), B={%(a—1);%(a® — a);x(a® — 1);£(a® — 20+ 1)},
vEB

RoN(Ra+ (0 — 1)) ={—1}; RaN(Ra + (& —2a+1)) = {—a}.
Theorem 1.2. Consider g(z) = a — 1+ a(z). Then

Ra-1=RaN (R +a—1) = g(Ra N (Ra + (0” — a)))

2 Parametrization of the boundary of R,,Va > 3

In this section we give a complete description of the boundary of R,. By theorem 1.1 we have
to study the sets R, N (R, +v), v € {£(a — 1), 4+(a® — a)}. By symmetry and theorem 1.2 we
can just study the set Rq—1.

In [4] we show that the automaton below characterize the boundary of R,.

Figure 1: Automaton A

Using the automaton we have R,—1 = R._;|JR2_; where
Réfl ={z=a—-1+>, 50,0 =(a— 1)042 + > i_3bia’, (a3,b3) = (€,€),e =0,...,a — 1},
R ={zr=a-1+ Y oies a;a’ = (a —1)a? + Y oies biat, (ag,b3) = (e +1,€),e =0,...,a — 2}.

Lemma 2.1. Considering R1 YL ={z€RL _|;(a3,b3) = (t,t), t=0,1...a—1},
Ritl ={ze R2 |:(a3,b3) = (t,t —1), t =1,2..a—1} and R,, | = {z € Ro_1;a3 # a — 1}.
We have:

2a1k

1. gogt1: Ro1 — R)Z given by gogp+1(2) = —1 —ka?+a3z, k=0,...,a—2 is bijective.

2. go(a_1y : Ram1 — RY2, given by ga(a_1)(2) = a — 1+ a®zis bijective.

1a1k

3. gngR, — R given by gop(2) =a—1+(a—1—-k)a® +a?2,k=0,....a—2 is

bijective.
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Corollary 2.2.
2(a—1)

Ror= |J a(X)
=0
where X = Ro—1 if i is odd and 2(a — 1) and X = R.,_, if i is even.

1

Using the previous notation and taking u = —1,v = —(a — 1)a —a ', w = —1 — o we have

the following lemma.
Lemma 2.3. gop(—1—0a3) = —1—a?—ka®—(a—1)a* = gopy1(—(a—1Da—a 1),k =0,...,a—2,
and goy1(—1) = =1 = (k+1)a® = gyps1y(—(a = DNa—a7'),k=0,...,a - 2.

Lemma 2.4. Take r = 2a — 1. Then we have

1. lim (gpogr—1)"(2) =u=—1.

n——oo

2. hﬂm (gr_10g0)"(2) =v=—(a—Da—a™ !, Vze R, ;.

n

Lemma 2.5. Taket € [0,1],a > 3,r =2a — 1. Then

=2 S
1. t= " + B+ ; (r — 2)mpme where
mp+np=k
a .
7; b 0/26{071727-.-,7/'_1} Zfa1€{1,3,5,...,7"—277'—1}
(a) B =
a
ﬁ , az € {0%,1* ... (r —3)*} ifay € {0,2,4,....,r — 3}

and for i > 3 we have:
(b) If a;—1 = 0,0, i — 1 even or a;—1 = (r—3)*,r—1, i — 1 odd or aj—1 =r —2,(2n —
1),2n—-1)*n=1,....,a—2 thena; € {0,1,2....,7 — 1}, m; = m;—1 and n; = n;—1+ 1.
(¢c) If aji—1 = 0,0%, i —1 odd or aj—1 = (r —3)",r —1, i — 1 even or aj_1 = r —
3,(2n),(2n)*,n = 1,...,a — 3 then a; € {0*, 1% ..(r — 3)*}, m; = mj—1 + 1 and
n; =n;—1.
2. If [t/ —t| < (r —2)™r™ with m+n = N then there exists k < N such that
(a) t =ay...ap_1ax(r — )(r—1)(r=3)*(r — 1)(r —3)*..ans1..., t' = a1 ...ar_1(ag +
1)00...ay 1. if k is even and a, =0, 0%,r —2,(2n —1),(2n - 1)*,n =1,...,a — 2.
(b) t =ay...ap_1ax(r—1)(r=3)"(r—1)(r—3)"...ans1..., t' = a1 ...ar_1(ar+1)00...ax ;...
if k is odd and a, =7 —2,2n—1),2n—1)*,n=1,...,a — 2.
(c) t=ay...ap_1ax(r —3)*(r =3)*(r —1)(r = 3)*(r — 1)...any1..., t' = a1...ar_1(ar +
1)00...ay ... if k is odd and aj, =0, 0*,r —3,(2n),(2n)*,n=1,...,a — 3.
(d) t=ay...ap_10x(r=3)"(r=1)(r=3)"(r—1)...ans1..., ' = a1 ... ax_1(ap+1)00...a’y ...
if k is even and ap, =r —3,(2n),(2n)*,n=1,...,a — 3.
Proof:

1. Take t,t' € [0,1], |t/ —¢| < (r —2)™r™ with m +n = N and suppose ¢t < t’. Then exist k €
N, k < Nsuchthatt = ay...ar_1apap41...anan 1., ' = a1...ap_1a3a)  ...a)yay, ..., ap <

aj, and
P R e | N
(r—2)mepme 7 (p = 2)MepTe (p — 2) Tk
As mp+np =k and [t —t| < (r—2)"r",m+n > N > k then a}, — a;, — 1 = 0, that is,
a, = ap + 1.
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(a) Let k be an even number and ap = 0,0, r —2,(2n —1),(2n — 1)*,n = 1,...,a — 2.
Then ag11 € {0,1,...,7 — 1} and we can write

[e. 9]

1 B r—1 r—1 (r—3)*
(r _ 2)mkrnk - (74 _ 2)mk7ank+l +2 (7“ _ Q)mk+irnk+2+i + (r _ 2)mk+1+irnk+2+i :
1=

Therefore

vy Ay ag41 (r—1)

(r — 2)m§g+1r”§c+1 (r — 2)mepretl — (p — 2)mkpnetl t=

/
_ Ajt1 r—1—apn
(r—2)MkripMher  (r — 2)mepnetl

where mj_  +nj = mp+np+1=k+1. As [t/ —t| < (r—2)"r",m+n >N > k+1
a;c+1 r—l—akJrl o .. . . / . *

then (T_Q)m;c-!—lrn;c-&-l + o) T = 0 and it is possible only with aj  ; = 0,0" and

ag41 =7 — 1.

As agy1 =r—1and k+ 1 is an odd number, then agy o € {0,1,...,7 — 1} we have

/
a Q42 r—1
-t = b2 =
(1 — 2) k42 k2 (r — 2)mwpnet2 * (r — 2)mepnet2 +

/
= Qo+2 r—1—agio
(7“ — 2)m;c+2rn;g+2 (7' _ 2)mkrnk+2

with mj_, +nj 5 = my +ng+2=k+2. Again we have aj_, = 0,0" e apo =7 — 1.
Now agio =r —1 and k + 2 is an even number. Then a3 € {0*, 1%, ...(r — 3)*} and

vy Upys ap+3 (r—3)"

(r — 2)m2+37o”2+3 (r — 2)metlpnet2 = (p — 2)metlpnet2 T

(=8 gy
(r — 2)m;€+3frn;€+3 (7' — 2)mk+17“"k+2

with mj 5 +nj 5 =my +ng +3 =k + 3. Therefore aj, 3 = 0,0" e apy3 = (r — 3)*.
Following this idea we have the result.

Following this idea we can prove the others items.

Corollary 2.6. Using the notations of lemma 2.5, if t,t' € [0,1] then t =t' if and only if

1. t=aj...ap_1ap(r —1)(r —1)(r — 3)*, ¥’ = ay...ap_1(ap + 1)0 or;
2. t=aj...ap_1a(r —1
3. t=ay..ap_1ay(r —3) (r —3)*(r — 1), t' = ay...ap_1(ag + 1)0 or;
4. t=ay...ap_1a5(r —3)*(r — 1), t' = ay...ap_1(ar +1)0 .

Let A={0,1,...,7r — 1} be a subset of N and consider

(N AN 5 AN
(ai) — (b;)
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given by

by = ay;

bop =1 — 1 — ag;

bok+1 = agk41 if agg € {0,05,2n —1,2n— )" n=1...,a — 2,r — 2};
bok+1 = aokr1 + 2 if agy € {2n,(2n)*,n=1,...,a — 2,7 — 1}.

Take a:o € R/, and consider f :[0,1] — R,—_1 defined as follows:

a—1
ift = Zai (r—2)"™ir " (a;) € AN, then f(t) = nlgngogbl O gp, © ... 0 gp, (o) where P(aras...) =
bibaen.
Theorem 2.7. f is a continue and bijective function satisfying f(0) = u and f(1) =

Proof:

1. f is a well defined function.
We are going to use the following notation: gp,...gs, , s, (2) = b1...bg.
According lemma 2.4 we have
u=—-1=0(r—1)0(r —1)...=0(r —1).
v=—(a—1a—at=(—1)0r—1)0.. = —1)0.
w=-1-0a%=2(r—1)0(r —1)0... _zm
We have to consider all the cases of corollary 2.6 .

(a) Let k be an even number and ay, = 0,0%,7—2, (2n—1), 2n—1)*,n =1,...,a—2,a5+1 =
1, 1% r —1,2n, (2n)*.
Suppose that t = ay...ax_1ai(r —1)(r — 1)(r — 3)* = ay...ag_1(ax + 1)0 = . Then:
f(t) =b1..bg—1(r —1)(r — 1)0 and f(t') = by...bg—1(r — 2)0(r — 1), if a, = 0, 0%;
f(t) =br..bp—1(r —2n)(r —1)0 and f(t') = by...bg—1(r — 2n — 1)2(r — 1)0 if
ap=2n—1,2n - 1)*;
f(#) =b1...bp—11(r — 1)0 and f(t') = by..
For all these cases we have f(t) = f(t').
(b) Let k be an odd number and a, =7 —2,(2n —1),2n—1)*, n=1,...,a — 2.
Let k be an odd number and ax =0, 0%, — 3,(2n), (2n)*,n=1,...,a — 3.

(d) Let k be an even number and ay =17 —3,(2n),(2n)*,n=1,...,a — 3.
For all these cases the proof is similar to (a).

bk,102(7” — 1)0 if ap =T — 2.

—~
@)
SN—

2. Suppose that f(t) = f(t'). According to lemma 2.3 we have two possibilities:

(a) f(t) = gbl"'gbk,lgbk(_1>7 b € {1731 Dy ey T — 2} and f(t/) = gbl"'gbk,lgbk-ﬁ-l(v)'
Using the above notations we have
f(t) =by...bp_1bx0(r — 1) and f(¥') = by...bp_1(bg + 1)(r — 1)0.
i. k is an even number, by # r — 2.

In this case by = r—1—ay and then ap = r — 1 — b is an odd number. According
to the rules:
- bg+1 =0, ag odd number = agy1 = 0.
-bgyo =1 —1, k+ 2 even number = ag,o = 0.
~ b3 =0, apro =0= apy3 =0.
Therefore t = aj...ap_1(r — 1 — by)0.
We also have bj = b, +1=r—1—a) and then aj =r — 2 — by # 0 is an even
number. According to the rules:
- b%ﬂ =r—1, a even :>‘,1;c+1 = (r—23).
- b 9=0, k+2even =a) ,=71—1
~bps=r—1, a ,=r—1=ap3=(r—3)"
Therefore t' = ay...ax_1(r —2 —bg)(r —3)*(r — 1) and then ¢t = ¢'.
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ii. k£ is an even number, by = r — 2. In this case by = r — 1 — a; and then a; =
r—1—>b,=1.

iii. k is an odd number. In this case by = aj or by = aj + 2 and then a = by or
ay = by, — 2. The proof is similar to (7)

(b) f(t) = gby---Gb,_, 9, (—1 — a?), by € {0,2,...,r — 3} and f(') = by -Gy 1 Gb+1(V).
Here the proof is similar to (a).

3. f is a continuous function
Let us consider ¢,t € [0, 1] given by

oo

ay ag ¢ al ’
~U g S — +B 4+
mk+"k:k m;c+n/

If |t/ —t| < (r —2)™r™ then according to lemma (2.5) we have to consider the following
cases:

ot =aqa.. .ak,lak(r — 1)(7‘ — 1)(7“ — 3)*(7’ — 1)(7’ — 3)*...CLN+1..., t = ai . ..ak,l(ak +
1)00...ay ;... if k is even and aj, = 0, 0*,r —2,(2n —1),(2n — 1)*,n = 1,...,a — 2. Using
what was done before we have to consider the following:

(a) f(t) =b1..bp—1(r—=1)(r—1)0(r—1)0...bx41... and f(¢') = by...bp—1(r—2)0(r—1)0(r —
1)..by -y ar = 0,0*. Then
|£() = F@)] =196y © Gby © -+ © Gby_y © Gr—1(21) = Gby © Gby © -+ © Gby_y © Gr—2(22)| <
< |O‘|2(k_1)|gr—1(21) — gr—2(22)|.
As gr—o(u) = gr—1(v) then
0 = £ < alPED (g -1(21) = gor (0)] + gr—(22) — gr2(w)]) <
< |aP#D (af2 + |af*)diam(Ra_1) = [af?*(1 + o] diam(Ra_1).

(b) f(t) = by...bj— 1(T—2n)(r— 1)0(r —1)0...bx+1... and f(t') = by..bp—1(r—2n—1)2(r —
1)0(r — ) Wy ar=2n-1,2n—-1)"n=1,...,a - 2.
(c) f(t) bp—11(r— l)O(r—l)O...bN+1... and f(t') = by...bg—102(r—1)0(r—1)0...b . ;...,
ap =1 — 2

et=ay... ak,lak(r— 1)(7’—3)*(7”— 1)(7’—3)*...CLN+1..., t'=ay... ak,l(ak—i—l)OO...a?\,H...
if kisoddand ay =r—2,2n—1),2n—1)*n=1,....,a — 2.

ot =ay...ag_q1a(r —3)"(r = 3)*(r — 1)(r = 3)*(r — 1)...an41.., t' = a1...ax_1(ar +
1)00...ay ;... if k is odd and a; = 0, 0%,7 — 3,(2n), (2n)*,n =1,...,a — 3.
et=ay...ap_1ax(r—=3)*(r—1)(r=3)*(r—1)..anq1..., t' = a1 ... ap_1(ar+1)00...a%y ;...
if k is even and a, =r —3,(2n),(2n)*,n=1,...,a — 3.

For these item the proof is similar. In all that cases we conclude that f is a continuous
function. |

Theorem 2.8. The boundary of Ra, Ya > 2 is homeomorphic to S'.
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