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Resumo: Three term recurrence formula has been an important tool in the studies of orthogo-
nal polynomials on the real line. Positive chain sequences also play an important role in these
studies. In recent years we have realized that the use of a different type of three term recur-
rence formula in combination with the use of positive chain sequences is also very important for
studying the properties of orthogonal polynomials on the unit circle. In this text we give some
new connection that exists between orthogonal polynomials on the unit circle and para-orthogonal
polynomials given by three term recurrence formula.
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1 Introduction

One of the important properties of orthogonal polynomials on the real line (see [3, 6, 8]) is that
they satisfy a three term recurrence formula. This property has been thoroughly explored by
many for studying the properties of these polynomials and positive chain sequences have been
a important ally in this exploration.

Following the definition adopted by Chihara [3], we say that {d,}>° is a positive chain
sequence if there exists a second sequence {gy, }°°, such that

i) 0<go<1, 0<gn<1 for n>1;

(1.1)
i1) dp=01—gn-1)gn for n>1.

This definition is slightly more restrictive than the definition used for general chain sequences
by Wall [9], where any of the g, (n > 1) is also allowed to take the value zero.

The sequence {g, }5°, is called a parameter sequence of the positive chain sequence {d, }5° ;.
In general the parameter sequence of a positive chain sequence is not unique. Every positive
chain sequence has a minimal parameter sequence {m, } >, uniquely determined by the condition
mo = 0. Every positive chain sequence {d,, }22; also has a maximal parameter sequence { M, } 7>,
which is characterized by the condition if gg > My then {g,}>2, generated by (ii) of (1.1) does
not satisfy (i) of (1.1). Wall’s criteria for {M,}>°, to be the maximal parameter sequence is

S MM, --- M, -
ngl(l—Mﬁ(l—MQ)...(l_Mn) = 0.

If the maximal parameter sequence of a chain sequence coincide with its minimal parameter
sequence, then we say that the chain sequence is a single parameter chain sequence.
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In recent years we have realized that a different type of three term recurrence formula,
combined with positive chain sequences, is also a very useful tool for studying the properties of
orthogonal polynomials on the unit circle (OPUC). Applications that stem from these studies
include quadrature formulas on the unit circle, which we will not be treating in the present text.

The three term recurrence formula in our studies is the following.

Ryi1(z) = [(1 +icnt1)z + (1 — z'an)]Rn(z) —4dp412Rn-1(2), n>1, (1.2)
with Ry(z) =1 and Ry(2) = (1 4+ ic1)z + (1 — icy), where

{cn}02 is a sequence of real numbers
and

0o . .
{dn}22, is a positive chain sequence.

The following result was established in [5].

Theorem 1.1 [5] The polynomial R,, has n simple zeros on the open unit circle |z| =1, z # 1,
and denoting these zeros by €3, j =1,2,... n, then there holds the interlacing property

0< 9n+1,1 < 971,1 < 9n+1,2 <0 <K enm < 9n+1,n+1 < 27T,

forn > 1. Moreover,

a) if ¢ >0 for1<k<n and ¢, = min ¢ then
1<k<n

1
Onn < 27 — 2arccos <7>,
V1i+é2

b) 1 1<k< Gy = h
) if e <0 for1<k<mn and é, lréll?écnck then

2 arccos <71 ) < Oni.

The above fact that the zeros of R,, are simple and that they interlace with the zeros of R, 11
is very important for obtaining the results given in this text. We remark that this fact is also
important from the point of view of obtaining positive quadrature formulas on the unit circle
which are equivalent to the Gaussian quadrature formulas on the real line.

In terms of a certain sequence of OPUC, say {S,}, the polynomials R,, can be given by
the combination Sy (2) + 7,5 (2), where 7, is such that |7,| = 1 and S;;(z) = 2"S,(1/Z) are
the reciprocal polynomials (see equation (2.5) in the present text). Combinations of the type
Sn(2) + 1,5 (2) are known in the literature of OPUC as para-orthogonal polynomials on the
unit circle. Thus, the choice of the name para-orthogonal in the title of this text.

2 Associated moment functional and measures

In [4] and [2] it was established that associated with the above three term recurrence formula
one can associate a moment functional A such that the polynomials {R,,} satisfy the following
orthogonality property.

N[z""*R,(2)] =0, k=0,1,...,n—1.

Moreover, with an appropriate choice of an additional element d; to the positive chain sequence
{dn+1}52, one can also associate a positive measure i on the unit circle such that

Ne(z)] = /C () (1 - Oda(C).

The objective of this text is to present another positive measure that can be associated with
the above three term recurrence formula and, in particular, to give the following result.
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Theorem 2.1 Given the three term recurrence formula (1.2) there exists a nontrivial probability
measure i on the unit circle such that for any Laurent polynomial ¢,
1+

[ aanto) = AN - =),

Here, N is the moment functional stated above. The sequence of monic OPUC {Sn} with respect
to the measure [i are
g (2) = Ryi1(z) — 2(1 = my) R, (2)
" (= = DI+ ic)

n>0. (2.3)

Here, {m,}>°, where m,, = 1— };}3;1((11)) , n >0, is the minimal parameter sequence of {d,+1}5° ;.

If the measure [i is such that the principal value integral I = JCC C(¢ —1)"Ydp(C) ewists then

1+c}
4d,

NG = £ 00 2di(6) + ieeq),

where t = —Im[(1+ic1)I]. In particular, if the positive chain sequence {dp+1}o2, is not a single
parameter chain sequence then the measure [i is such that Zm[(1 + ici)I] = 0.

Proof. The proof of this Theorem is rather extensive. It is based on the correspondence and
convergence properties of the rational functions

(1 +icy) (1 —icy)
2l (z) )+ g oM@ n

where the polynomials {Q,} satisfy the same recurrence relation (1.2), but with the initial
conditions Qo(z) = 0 and Q1(z) = 2d;. Here, d; # 0. It is crucially important to our analysis
that the zeros of the polynomials R,, are as established in Theorem 1.1. The idea behind the
proof is similar to the one given in [2], where the analysis were based on the correspondence and
convergence properties of the rational functions %, n > 1. ]

Example given in Section 3 to illustrate the above theorem is also of great importance because
of its explicit nature.

Since the polynomials R,, are such that R} (z) = z"R,(1/Z) = Rn(z), n > 0, we also have
from Theorem 2.1 that

Rps1(2) — 2(1 — mp)2Rn(2)

Si(z) = n > 0. 2.4
) (1 —2) Tt (1 —dcx) B 24
By elimination of R, using (2.3) and (2.4),
1 1+ icy, A .
Ru(2) = 50— G (2) 4 1t S5(2)], m >0, (2.5)

[Ty (14 ick) 2(1 —my,)

n 1—icy
n=1 1-+ic,’

where 7, =[] n > 1. Similarly, by elimination of R,, using (2.3) and (2.4),

1

— Rut1(2) = 25,(2) + 7, S’,’;z, n > 0. 2.6
T T icr) +1(2) (2) + Tnt1 Sp(2) (2.6)

Observe that the polynomials appearing on both sides of (2.5) and (2.6) are monic polyno-
mials. Hence, we can also write (2.5) in the form

1 1

szl(l ¥+ le) z 1— Tot1Gn—1 [ (2) + T +1 (Z) n
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Moreover, using in the above expression the well known two term recurrence formula for the

OPUC S5,

1 A Tn+1 — Qn—1 §
. Ru(2)= |28, Tndl T ol g } > 1.
szl(l + ch) n(Z) ZOn 1(2) + 1— TnJrldnfl n—l(z) n =z

Here, ay,_1 = —S’n(O), n > 1 are known as the Verblunsky coefficients associated with the
measure fi. Comparing the above formula for R, with (2.6) we have 7,, = %, n>1,or
equivalently,
Tn + Qp
Tl = TntOno1
1+ Tham—1

The above recurrence formula for 7, is useful if we can find an expression for 7 in terms of the
measure fi.
Assuming I = §,(¢ —1)7'¢dji(¢) exists, from NV [z7 Ry (2)] =0 and 71 = (1 —ic1) /(1 +icy),
the required expression for 77 is
I+t
==
I —it

From 7, = [ [, (1 — ick)/(1 + ick), n > 1, and the recurrence relation for {r,},

T1 — 1 Im(Tn+1@n_1) . Im(Tn@n_1>

cl=1——, Cpi1= - = - , n>1.
! 4+ 1 T Re(Tnt16n—1) 14+ Re(thdm—1)
From the expression for the Verblunsky coefficients in Theorem 2.1,
2 2(1 —
1+ 1001 = & and 1— 7,110, 1 = w n > 1.
1-— 1Cn+1 1+ 1Cn+1
Hence,
m, = 1 ’1 + 7—nOA4nA—1’2 _ 1 1-—- ’Tn—i-lCAVnA—l‘z - > 17
214+ Re(mnbn—1) 21— Re(Tnribn-1)
1_mn:} 1_|Tndn:1|2 :1 ‘1_7—n+155n:1‘2 7 nZL
21+ Re(mnbn-1) 21— Re(Th+1G0n-1)
and dp41 = (1 - mn_l)mn, n > 1, with mg = 0.
3 Example
Let the real sequences {c,}o° ; and {d,4+1}52, be given by
n 1 n2A+n+1)
= ) d =7 ) > 17
"Xt "I A0 +nt1) T
where A\,n € R and A > —1.
Observe that d, 41 = (1 —my,_1)m,, n > 1, where
n
my=-— " >0 3.7
"To+n+1) T (87)

Hence, with our assumption A > —1, the sequence {d,,4+1}2° is a positive chain sequence with
{m, }5° , as its minimal parameter sequence.

The polynomials R,, obtained from the above sequences {¢,} and {d+1}, together with the
recurrence formula (1.2), are

2\ + 2),
Ry (2) =
A+1),
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where b = X\ +in. The nth degree Hypergeometric polynomial o Fy(—n,b+1; b+b+2; 1 — 2) is
defined by

b2 S D kN~ b+ i K
2F1(—n,b+1,b+b+2,1—z z; b+b+2kk|(1_z) —k:1m(1—2),

where (a)o =1 and (a), =a(a+1)---(a+n—1),n > 1 are the Pochhammer symbols.
With d; # 0 arbitrary, by considering the series expansion of oF(1,—b; b + 2; z) via its
Gauss type continued fraction expansion, we have

Qn(z) - 2d1
R,(z) 1-—ic¢

oF1(1,=b; b+2; 2) = —1) — oz — vz — ...,

where _
b+b+2(-b—1),
b =g 0t 2 1) 1 (3.9)
b+1 (b+1),
From these, for the moment functional A/ we obtain
- [ ave o), (3.10)
for all Laurent polynomials ¢, where
i ID(b+1)]?(b+b+2 3 5
(b ) = dy IEOEDEOTDOETD) sy ey,

2 D(b+ b+ 2)

Here, the branch cuts in (—z)7" = (e72)7" and (1 — 2)"** = (e7"(z — 1))b+b are along the
positive real axis.

For the proofs of the above results, starting from (3.8), we cite for example [2] and [4].
However, for the required analysis in [2] and [4], it was necessary to assume that A > —1/2. We
remark that when A > —1/2 the maximal parameter sequence {M; ,}22 of {dny1 = din}ie,
is

122 +n+1
Mipy==-——-—7 > 0.
1,n 2\ Tt 1 s n = 0
Now, the nontrivial probability measure i that follows from Theorem 2.1 is
N IT(b+2) b2 b+b+2
d =———F—(—2 1—=z2 dz. 3.11
MO = gm0 (3.11)

Observe that (3.11) can also be written in the equivalent form

2b+5+2|11(bj' 2)[? (=0 Im(b+1)
2 (b4 b+ 3)

di(e”?) = [sin?(6/2)] Rt dg.

The moments associated with [i are

_ . 1+c2 (=b—1),
7,”: n — Tld = n — Un :77’ :0,1,2,....
7 /CC f1(¢) 4d, [Vn = Vn41] G+ 2 n

Hence, from results established in [7] the associated monic OPUC are

(b+b+3)n

S,(z) = 1),

oF 1 (—n,b+2;b+b+3;1—2), n>1.

The above expression can also be easily derived from (2.3) and (3.8).
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Recall that we have assumed A > —1 and for the integral I = [,(¢ —1)7*¢dji(¢) we have
from (3.9) and (3.10) that
_ b+1
Cb+b+2
Note that when A > —1/2 the maximal parameter sequence {Mj,}7> of {dp+1}22, is
different from its minimal parameter sequence {m, }°° . Since the integral J = [, {(1—¢ (e
1)~ 'dji exists when A\ > —1/2, this is exactly what was established in Theorem 2.1.
However, when —1/2 > A > —1, the integral J = [, {(1—¢)~(¢—1)"'dj does not exist and,
hence from Theorem 2.1, the minimal parameter of {d,;}7°; must be equal to its maximal
parameter sequence. This we can verify as follows.

From (3.7) we have
Z [H 1 —lfmj N Z (2X +k3)k'

n=1 k=1 n=1

The infinite series on the right hand side can also be written as

(DL
Fi(1,1; 22X+ 3; 1) = E —_
2 1( s Ly + 95 ) par (2>\+3)kk'7

which is (see [1, p. 62]) convergent if A > —1/2 and divergent otherwise. Thus, from Wall’s
criteria for maximal parameter sequences we establish that the minimal parameter sequence
{m,,} is also the maximal parameter sequence if —1/2 > X\ > —1.
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