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Abstract

Denote by pled () and L$(x) the classical Jacobi and Laguerre polynomials. In a recent paper
Driver and Jordaan developed a method to obtain limits for zeros of orthogonal polynomials and applied
it for the zeros of Jacobi and Laguerre polynomials. We show how to refine the method to obtain sharper
limits for the same zeros. It turns out that the new limits obtained in this note are very precise.

1 Introduction

Let {p,}2°, be any sequence of orthogonal polynomials. Then it is well known that the zeros of p,
are real, simple and interlace with the zeros of p,_;. Denote by w,, < ... < w; the zeros of Jacobi
Polynomials pled () and y,, < ... < y; the zeros of Laguerre Polynomials LS ().

Driver and Jordaan [5] established the following interesting result:

Theorem A. Let {p,, }22, be a sequence of polynomials, orthogonal in (c,d) with respect to a positive
Borel measure.

Let g, be a polynomial of degree n — k — 1 which satisfies, for any k < nandn € N,

f(x)gn—k(m) = Gk(x)pn—l(x) + H(x)pn(x) (1)
where f(x) # 0 for x € (¢, d), and H(z) and Gi(x) are polynomials with deg(Gy,) = k. Then, for any
fixedk € {1,...,n— 1} andn € N, the n — 1 real and simple zeros of Gy, interlace with the zeros

of P, if gn_x and py,, are co-primes.
Corollary A. Suppose (1) holds for k,n € N fixed and k < n — 1. The largest (smallest) zero of Gy, is a
strict lower (upper) bound for the largest (smallest) zero of py,.

In (1) we set p, = P9 (z) and pp_; = Pr(ﬁ’f) () and obtain

F(@)gn_r(z) = Gi(z) P (@) + H(z) Pl (). )

Therefore, by Corollary A, we need to find the largest and the smallest zeros of G, in order to be able
to limit the extreme zeros of the Jacobi polynomial from “inside” that is, to obtain lower limit for the
largest zero w; and upper limit for the smallest zero w,, of P,(La”B ) (z).
For Jacobi polynomials PT(La’ﬁ ), a, B > —1, it was proved in [3], Theorem 2.1(i)(c)] that (1) holds for
k =1 with
Gpo1 = Pﬁj;’ﬁ, Gi(z) = — Ap,

2(n —1)(n+a+B+2)+(a+3)(B—a)

A - Dmtat D+ @+ a+hr)

and p, = P{*P),
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forn > 1, n € N. It follows from Corollary A, that for all o, 8 > —1,n € N,

2(a+1)(a+3) (1)
w; >1— =1-0(—= 3
! 2n—1)(n+a+pB+2)+ (a+3)(a+ B +2) n? )
which is better than w; > 1 — 2(a+ 1)/(2n + « + ), obtained by Szegd in [6].
Since P\ (z) = (=1)"P{**(~z), then (3) yields
2(8+1)(B+3) (1>
wy, < —1+ =1-0(—=]. 4
" Xn—Dn+ta+tf+2)+(B+3)(atir2) e @
For o > —1, the Laguerre polynomials LS satisty the mixed three term recurrence relation
L2 () = (n+a)(a+1)s— (a+2)2(3n +2a + 2)z 5)

+(n+ a+1)222L%_,(z) + H(x)L%(x)

which follows from [4], Eq. (13) and the three term recurrence relation for Laguerre polynomials (cf.[6]),
here, (@) = a(a+1)...(a+ k — 1),k € N, is Pochhammer symbol.

For the largest zero y; and smallest zero y,, of the classical Laguerre polynomial L% (x), Driver and
Jordaan obtained the following limits using Corollary A and equation (5)

y1>2n+a—2+/n2+n(a—2)— (a—2) (6)

P

which is again better than the limit 2n + « — 1 found in Szeg&’s book [6], but when n — oo it is worse
than the bound 4n + o — 16+/2n, proved by Bottema [1]. Driver and Jordan proved that

(a+2)2(3n + 20 +2) — B,
2(n—|—a—|— 1)2

; (7

Yn

where

B, =/(a+2)2(—4(a+1)2(a+2)+T)

and
T = 4n(a+ 1)(a® + 4o + 6) + (5a® + 250 + 38)n?.

In the next section we give the method used to proving the following theorem:

Theorem 1. Denote by w,, < ... < wy the zeros of the Jacobi polynomial P,(La”g ) (x)andy, < ... <
the zeros of the Laguerre polynomial L (z). Then

2(8+1)(B+2)(B+3) 2(a+ 1) (a +2)(a + 3)
w, < —1+ ﬁ+E’ ,  1—= DL E < wq
and
(a+1)(a+2)(a+3)
Yn < >
(a+2)(a+n+1)++/(a+2)(a+n+1)(-1—a+n2+a))
n+a—24+vn2+n(a—2)—(a—2) <y
where
D=n*(a+2)+ (a+D(a+2)(a+B+1)+n(2+a)2+2a+p)
and

E=+V(a+2)(a+n+1)(a+B+n+1)(—2n(a+1)+n2(a+2)— (a+1)(8—2) +n(a+2)p),

and D and E are obtained from D and FE interchanging the roles of « and .
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2 Polynomials generated by the Euclidean Algorithm.
Consider the polynomials with real coefficients

f(z) = apz"+ A 12" P+ darz + ag, anp =1,
9(z) = bn—l«zn_1 4+ ...+ b1z + bo.

With the pair of polynomials f and g we associate the so-called Hurwitz matrix of order 2n — 1,

b1 bp_o ... by o ... 0 0

an  QAp—1 ... a1 ag ... 0 O

0 bpq1 ... b bp ... 0 O

Hon_1(g, f) = 0 Gn ... Q2 a1 0 0

0 0 cer Qp_1 Qp—9 ... a1 agp

0 0 ... bp1 bpo ... b1 by

Denote by
1 ... 2r—2 2r — 1
Har-1(9, f) ( 1 ... 2r—2 27— 141 >

the principal matrix of Hay,—1(g, f) of order 2r — 1, formed by the first 2 — 1 rows and the first 2rr — 2
columns, together with the column 2r — 1 + [. Then

[ () 1 ... 2r—-2 2r-1
vZTl_vQ’"l(l o 2r—2 2r—1+41
denotes the determinant
1 ... 2r—2 2r —1
d6t<H2’“1(g’f)<1 L2r—2 2r—1+l>)' ®)

In particularly, by Va,_1 we mean the determinant Vé?,)_l, which is the principal minor of order
2r — 1 of /Hanl(g, f)
Define Q,(z) = f(x) and Q,—1(x) = g(x). Then the algorithm of Euclides generates the polyno-

mials @Qp,—2(z), Qn_3(x),...,Qo(x) as follows
QnJrlfr(l') = (Oérx + BT)anr(w) - anlfr(l'% r=12,...,n—1L

In [2], D.K. Dimitrov, FR. Lucas and A. S. Ranga obtained all polynomials generated by the Eu-
clidean Algorithm as follows:

Theorem B. Lets f(z) and g(z) be defined as above. Then the polynomials Q,,—(z), r =2,3,...n,
generated by the Euclidean algorithm are given by

Qn—r(2) = My(2)f(2) + Nr(2)g(2), ©)

where M, is a polynomial of degree r — 2, N, is a polynomial of degree r — 1 and

H2r1<i 3r—;> 0
NT(Z) =T T - (10)
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and

1 ... 2r—-1
Hor—1 < > 23
M, (2) =Trpq 1 ... 2r—2 (11)

where

71)r+1

U1 = [Varos) 2[Var—s)?[Var—1] 2 [Var—g)?. .. [V3] 21" [v] %

In order to combine the results in Theorems A and B, first we set 7 = k + 1 in (9) and consider f(z) =
pn(x) and g(x) = pp—1(z), which are two polynomials with interlacing zeros. Thus

Qn—rk—1(x) = Mpp1(x)pn(x) + N1 (2)pn-1(2), k=1,2,...n (12)

where the degree of M}, is kK — 1 and the degree of Ny, is k.

Then Theorem A becomes equivalent to Theorem B, with f(z) = 1 and G(x) = Ny11(x).

In order to calculate the largest and the smallest zeros of G (x) = Nj41(x), which is explicitly
given by the formula (10), we shall calculate the zeros of the polynomial Ny (x).

3 Jacobi Polynomials

In (12), setting k = 2, p,, = Py(f"ﬁ ) and p,_1 = P,(L‘ilﬁ ) and using the explicit representations

‘ n
ﬁﬂ(ﬁﬂ)(l —2z)=F(—n,1+a+B+na+1lz) = Zakmk
n k=0
and
(n=1)! (s TR S
mpnil (1—2$):FQ,]_(—(TL—].),O["‘,B"‘TL,O["‘].,Q:):Zbkx y
k=0

by (10), we obtain

bp-1 bp2 bp3 bny z?

Gnp p—1 Ap—2 ap—3 0

N3(x)=| 0 bp_1 byp2 b3 =
0 ap Qp-1 Gap-o O

0 0 b1 bp—1 1

Hence N3(z) = Ax? + Bz + C, where the coefficients A, B, C' are given by

A = 6+1la+6a®+a?,

B = 44 8n+4n®+ 10a + 12na + 2n%a + 8a? + 4na? + 202 + 48 + nj
+6a8 + 2naf + 2028,

C = 2n+44n*+2n® + a + 6na + 5n’a + 2% + 4na® + o® + f + 4nB
+3n%B + 308 + 5naf + 2026 + B2 + np? + af?.
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Since all the calculation are done with P,(la’ﬁ ) (1 — 2x) and we are interested in the extreme zeros of

N3 (z) related to the Jacobi polynomial pled (x). For calculating the zeros x; and x2 of N3(x) we have
to perform a change of variables z; = 2/x; + 1 and z2 = 2/x9 + 1. Straightforward calculations yield

2(a+1)(a+2)(a+3)

a=1- D-E
and 2a+1)(a +2)(a +3)
« « «
2=1- D+ E (13)
where
D=n*a+2)+(a+1)(a+2)(a+B+1)+n2+a)2+2a+3)
and

E=V(a+2)(a+n+1)(a+B+n+1)(—2n(a+1)+n2(a+2) — (a+1)(B—2)+n(a+2)5).

Therefore by Corollary A, zo is lower limit for the largest zero w; of Jacobi Polynomials.
It is not difficult to see that the limit 2, is better than the one provided by Driver and Jordaan in (3).
To check this assertion it suffices to show that the difference
1 1

- (14)

2n—1)(n+a+pf+2)+(a+3)(at+pf+2) DiE

is always positive. Thus (14) is equivalent to show that the denominator of the second fraction is greater
than the denominator of the first fraction. In other words
D+FE
a4+ 2

>2n—1)(n+a+F+2)+ (a+3)(a+5+2). (15)
Writing (15) as an inequality for E, we obtain after some simplifications
(@+1)*(n—1)(n+ B —1)(a++2n) >0,

which is true for all o, 5 > —1 and n > 2 thus proving our claim. We will omit the proof of the other
cases because the proof is analogous to this one.
Since the zeros of the Jacobi polynomials are symmetric when changing the parameters « and 3, if

we set
5o 14 2BHDB+2(B+3) (16)
D+E
where
D=n2B+2)+B+1D)B+2)(a+B8+1)+n(2+p8)(2+28+a)
and

E=vVB+2B+n+Da+B8+n+1)(-2nB+1) +n2(B+2)— B+ 1(a—2)+n(B+2)a)

then w,, < —z3 which equivalent to Theorem 1. The latter is better than the one given in (4).

4 Laguerre Polynomials

lets w, and w; be the smallest and the largest zeros, respectively, of the Jacobi polynomial, and that y,
and y; be the smallest and the largest zeros of the Laguerre polynomial, it is known that
B

lim (1 —w,) = 1
gff)‘oz( Wn) = Y1 (17)
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and

Blggog(l—wn = Y. (18)

If we perform the limit ﬁlim g(l — Z3) in (17) where 23 is given in (16) we obtain the limit
—00

2n—24+a++2+n2+n(a-2)—a<y
which is the same lower limit, obtained by Driver and Jordaan in (6).

Performing the limit ﬁlim g(l — 29) in (18) where z; is given in (13) we obtain the limit
—00

(a+1)(a+2)(a+3)
(a+2)(a+n+1)++/(a+2)(a+n+1) (-1 —a+n2+a))

Yn <

which is better that the lower limit, obtained by Driver and Jordaan in (7).
keywords: Zeros of orthogonal polynomials, Jacobi polynomials, Laguerre polynomials
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