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Abstract. Electromechanical systems are composed by two interacting subsystems, a mechanical
and an electromagnetic. This paper discusses the oscillatory response of a linear electromechanical
system. The objective of the paper is to show that the oscillatory response of the chosen electrome-
chanical system is provoked by the mutual interaction between mechanical and an electromagnetic
subsystems, and to compare this oscillatory response with the response of purely mechanical sys-
tems. Natural frequencies and normal modes, are computed for the electromechanical system. The
computed parameters involve mechanical and electromagnetic variables, i.e., they are hybrid, a nov-
elty in the literature. Hybrid model coordinates and frequency responses graphs are also discussed.
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1 Introduction

Electromechanical systems are an interesting type of dynamical systems. They are composed
by two interacting subsystems, a mechanical and an electromagnetic. To properly characterize
the dynamics of an electromechanical system, it is not sufficient to characterize the dynamics of
each subsystem independently, it is necessary to include in the mathematical model of the system
dynamics the mutual influence between the two subsystems [2, 5, 7].

The state of an electromechanical system involves mechanical and electromagnetic variables,
and this is reflected in the initial value problem (IVP) that gives the system dynamics. The initial
value problem is composed by a set of differential equations and initial conditions with these two
types of variables, as for example, positions, velocities, angles, currents, and charges [4, 6]. In the
set, the mutual interaction between the mechanical and an electromagnetic subsystems does not
appear as a functional relation. The mutual interaction varies with the state of the subsystems
and, consequently, depends on initial conditions [1].

The dynamic behavior of an electromechanical system depends on this mutual interaction, i.e.,
phenomena present in the system response reflects this interplay between the mechanical and elec-
tromagnetic subsystems. In this paper, the focus is in a special phenomenon: oscillations. A linear
electromechanical system composed by a DC motor connected to a rigid disc, a motor-disc system
is analyzed. This system has the minimum number of elements necessary to be classified as an
electromechanical system. It is a bare minimum to study oscillatory response of electromechanical
systems and to make modal analysis. The choice to address the problem in this bare minimum
system was to highlight the effect of the mutual interaction between the mechanical and electro-
magnetic subsystems in the oscillatory response. Besides, the system was chosen as simple as
possible so that the analyses could be done analytically. Natural frequencies and normal modes
are computed. Differently from purely mechanical systems [3, 9], here these parameters involve
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mechanical and electromagnetic variables, i.e., the computed natural frequencies and normal modes
are hybrid, a novelty in the literature.

1.1 Electromechanical natural frequencies

The hybrid natural frequencies are the frequencies at which the electromechanical system re-
sponds when there is no external excitation acting over it, that is, when the system is free. In
our case, this means no external torque acting over the disc or no external source voltage applied
over the electric circuit of the DC motor. In this situation, the hybrid natural frequencies also
represents the frequencies at which occurs the interplay of energies between the mechanical and
the electromagnetic subsystems.

1.2 Electromechanical normal modes

The dynamics of an electromechanical system is usually parametrized with purely mechanical
and an electromagnetic variables, as positions, velocities, angles, currents, and charges. Since these
variables are native and intrinsic to the problem, they are the most natural variables to parametrize
the system dynamics. With such kind of variables, the set of differential equations present in the
IVP that characterizes the dynamics of an electromechanical system is a coupled set of equations.
This means that the equations of the set can not be solved independently.

The choice to parametrize the dynamics with native and intrinsic variables, easier to understand
and visualize, generates a coupled set of equations in the IVP. However, if the dynamics were
parametrized with a special set of variables, obtained from the hybrid normal modes and called
modal coordinates, the set of equations would become uncoupled. The hybrid normal modes forms
a basis of a vector space that can be used to represent the system dynamics.

Writing the system dynamics in terms of the modal coordinates turns possible to compute the
system response for external excitations. For the system analyzed in this paper, the focus is on the
computation of the response for harmonic external excitations and graphs of frequency response.
Since the motor-disc system is linear and conservative, when it is excited harmonically with fre-
quency equal to the natural frequency of the system, resonance appears, i.e., an electromechanical
resonance, another novelty of the paper.

This paper is organized as follows. Section 2 presents the dynamics of the motor-disc, i.e.,
the initial value problem (IVP), that describes the dynamics of the analyzed electromechanical
system. The homogeneous solution of the IVP, i.e., the system response when there is no external
excitation acting over it is computed in Sect. 3. In this section the hybrid natural frequencies
and normal modes are also computed. The decoupling of the equations of the IVP that gives the
system dynamics using modal coordinates is made in Sec. 4. In Sec. 5, it is presented the system
response for harmonic external excitations and the resonance is discussed.

2 Dynamics of the electromechanical system

The electromechanical system analyzed in this paper is a DC motor connected to a disc as
shown in Figure 1. The initial value problem to the system is given in Equation (1) [8]. Find
(a, z) such that, for all ¢ > 0,

@), 1)

LE() + 7 (1) + ked(t) = v
)=7(t),

Jm@(t) + by () — ko 2(t

with the initial conditions &(0) = 6y, a(0) = ag, 2(0) = ¢o and 2(0) = 2¢. In these equations, ¢ is
the time, v is the source voltage, z is the electric charge, ¢ is the angular speed of the disc, [ is the
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Figure 1: Electromechanical system.

electric inductance, j,, is the disc moment of inertia, b, is the damping ratio in the transmission
of the torque generated by the motor, k. is the motor electromagnetic force constant, r is the
electrical resistance, and 7 is an external torque made over the disc.

The system state is given by four variables, two of them mechanical (angular velocity and
position of the disc) and two of them electromagnetic (charge and current in the motor). These four
variables are native and intrinsic to the problem, natural variables to parametrize the system state.
The system dynamics, parametrized with these four variables, is given by an initial value problem
comprising a set of two coupled differential equations. The coupling between the mechanical
and electromagnetic subsystems is not given by a functional relation. It depends on the system
state and, consequently, depends on initial conditions. Writing Equation (1) in matrix form, and
assuming b,,, = 0 and r = 0 to get a conservative system, it is obtained:

o o Law ]+ L@ =10 ] @
MY (t) + GY(t) = F(t), (3)

where M and G can be called as inertia and gyroscopic matrices respectively and Y = [ o } . The

initial conditions become Y (0) = [ 0
o

represents the angular velocity of the disc and c represents the current in the electric circuit of the
DC motor, it is possible to rewrite Equation (2) as a system of first order differential equations

€0 } and Y (0) = [ 20 } Making & = 0 and 2 = ¢, where 0
0

given by )
MX(t) + GX(t) = F(t), (4)
where X =Y = ; ] The initial conditions are given by X(0) = [ ;0 } Since [ and j,, are
0
considered to be non-zero, Equation (4) can be rewritten as

X(t)=-M"1GX(t)+ M~ F(t) = X(t) = AX(t) + D(¢), (5)

where A = —M~!'G and D(t) = M'F(t) = [ leg}él ] The solution of Equation (5) is

X(t) = Xn(t) + Xp(t), where X}, is the general solution of the associated homogeneous equation
(X = AX},) and X, is a particular solution of the non-homogeneous equation.

3 Homogeneous solution
It is proposed as solution to the associated homogeneous equation X;, = Ue . where U is
a non-zero constant vector and A a scalar. Substituting the proposed general solution into the

the associated homogeneous equation, it is obtained (A — AI)U = 0, which forms an eigenvalue
problem.
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3.1 Natural frequency and normal modes of the electromechanical sys-
tem

Since U # 0, the matrix (A — A I) is singular. Thus:

, k2 ke .
det(A—/\I):() = /\—|-lj =0 = /\I,QZiW'La (6)

where ¢ = v/—1. Substituting the two eigenvalues A > into the eigenvalue problem, it is possible

m

ke . . . .
to write (A — A1 1)Uy =0 and (A — A\ 1)Uy = 0. For A\ = \/li i, the associated eigenvector is

. — k. . ‘ g I
U, = im/ VL jm . For A\ = ———= 1, the associated eigenvector is Uy = 1m/ VL] .
1 im 1
The eigenvalues A; 2 give a natural frequency of the system w,, = \/ZL The eigenvectors Uy
Jm

and Uy are normal modes. Observe that the natural frequency, w,, and the normal modes are
hybrid. They involve mechanical and electromagnetic parameters. Since two pairs of eigenvalues
and eigenvectors were found, the general solution of the associated homogeneous equation should
be a linear combination of the two found solutions:

cos( ke_ t)\/#h—sin( ° ¢ \/jliT
Xn(t) = ae™ U, 4 b Uy = L g Y0 Vim {0 )
cos ° _t)d+sin (et h

\/le> VIijm

where a and b are constants, d = a +b and h = i(a — b).

4 Decoupling the IVP that gives the system dynamics using
the normal modes

With the eigenvalues and eigenvectors, spectral and modal matrices can be writing as:

— 1 0 .. . iy -
Ao M 0 T jm . P=[U, Uy]= G/ Uim = 8m/ N jm
0 X 0 ke, 1 1
Ljm
X ) (8)
. . _ 1 ijm/VIjm } .
It is possible to compute: P71 = ——— het - . The matrix A can be
b P 20 jm /T jm { ~1 iju /T *

written as A = PAP~!. Since the focus of the paper is the computation of the response for
harmonic external excitations, the source voltage v is considered to be v cos (wt) or vy sin (w ), and
external torque 7 of the form 7g cos (wt) or 7o sin (wt). Here, v and 7y represents the amplitudes
of the external excitations and w their frequencies. Calling by X; and X5 the system states when
the system is forced with the functions sine and cosine respectively, it possible to write:

X (t) = AX;(t) + Dy (t) = AX4(t) + [ Tloj%fn ] cos (wt), 9)
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)
Multiplying Equation (10) by the complex ¢ and adding it to Equation (9) it is obtained:
SOy _ vo/l iwt
S(t) = AS(t) + B(t) = AS(¢) + 10/7 e, (11)
0/Jm

where S = X; + iX5. Creating a new variable S = P Q, called modal variable, Equation (11) can
be rewritten as

PQ(t) = APQ(t) + B(),
PPQ(t) = P'APQ(t) + P'B(t), (12)
Q) = AQ(t) + PTIB(),

Thus, parametrizing the state of the electromechanical system with Q, a modal variable with
components ¢; and g, the equations that give the system dynamics become uncoupled and can be
solved independently. They are:

ik, L (W i ™ e
t) - £)= 5 2 20 eiwt
)~ =)= g (7 B2
. Viim (13)
. ke 1 o 1jm To iwt
w0+ e 2wm< l vwmh)e
Vi

5 Particular solution in terms of the modal coordinates

In this section of the paper, the particular solutions of each equation of Equation (13) is
computed. These solutions are computed for two different cases. The first the case is when the
system is harmonically excited at a frequency different from the natural frequency, w,. The second
case is when it is excited at a frequency equal to w,.

5.1 External excitation at frequency different from the natural frequency
of the system

Considering that w # \/’;;,7, it is proposed as particular solution to the first differential of Equa-

tion (13) the expression q1,(t) = Xo1 et@t+01) where X, and 6, are constants to be determined.
They represent, respectively, the amplitude of the proposed particular solution and the angular
phase between the excitation and the particular solution. Substituting the proposed particular
solution into the first equation of Equation (13) and, analyzing the modulus and phase of the
complex terms of the obtained expression, it is possible to compute Xy, and 6, as:

Yo + Lg —Vy Jm 3 f e
Ljm 72, arctan ( = > -5 I w< —,
Xo1 = 3 ) 0 = Vijm 7,-0 Ljm (14)
- = arctan( —o ‘7m> T if w> ke
l'jm Vljm 70 2’ \/ljnL '

To second equation of Equation (13), it is proposed as particular solution the expression ¢o,(t) =
Xog €@02) where Xy, and #y are constants to be determined. They represent, respectively, the
amplitude of the proposed particular solution and the angular phase between the excitation and
the particular solution. Substituting the proposed particular solution into the second equation
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of Equation (13), and analyzing the modulus and phase of the complex terms of the obtained
expression, Xgo and 0y are computed:

0] jm Q
= dm) 2 1
, 0, = arctan (\/7 p ) 5 (15)

€

Vijm

Figures 2(a) and 2(b) show the frequency responses and phase graphs for the particular solutions
of equations given in Equations (13). To plot the graphs, it was considered the following values
to the system parameters: [ = 1.880 x 10~* H, j,, = 1.210 x 10~* kg m?, 1y = 1.000 V, k., =
5.330 x 1072 V/(rad/s) and 79 = 1.000 Nm. The motor parameters were obtained from the
specifications of the motor Maxon DC brushless number 411678.

‘w+

300 0
— Xo1

200 —Xo2 -2 —_—

) —06 [rad]

100 4 6 b
0 — -6

0 1 2 0 1 2
w/wy, w/wy
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Figure 2: (a) Frequency response graphs and (b) phase graphs for the particular solutions of Equa-
tions (13).

5.2 External excitation at frequency equal to the natural frequency of
the system

Considering that w = w, = ﬁ, resonance occurs for the first equation of Equation (13).
Thus, the particular solution of this equation is not periodic and its amplitude grows linearly over
time. This particular solution can be written as q1,,(t) = Xo1, t €@ *+017) where Xp,, and ;, are
constants to be determined. Substituting it into the first equation of Equation (13) and analyzing
the modulus and phase of the complex terms of the obtained expression, it is possible to compute

XOlr and F)lr:

1 V2 72 -1 j
Xoir = o4/ | 2 + 01, = arct =) 16
01 2 (ljerj?n)’ 1 arc an( Ti 7_0) (16)

For the second equation of Equation (13), the proposed particular solution is gap, (t) = Xog, !« t+02r)
where X9, and 6o, are constants to be determined. Substituting it into the second equation of
Equation (13) and analyzing the modulus and phase of the complex terms obtained, it is possible

to write:
V2 2
(.0 L
Ljm Im

Vo Jm T
= = N 1
Xoor o ‘ , 02 arctan (m o ) 5 (17)
VIjm
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6 Conclusions

In this paper, the oscillatory response of a simple and linear electromechanical system was
analyzed. It was shown that the oscillatory response of the chosen electromechanical system
is provoked by the mutual interaction between mechanical and an electromagnetic subsystems.
Natural frequencies and normal modes, were computed. Since they involve mechanical and elec-
tromagnetic variables, they are hybrid. The hybrid natural frequency is the frequency at which
occurs the interplay of energies between the mechanical and the electromagnetic subsystems. The
hybrid normal modes forms a basis of a vector space that can be used to represent and decouple
the system dynamics.
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