Proceeding Series of the Brazilian Society of Computational and Applied Mathematics, v. 9, n. 1, 2022.

Trabalho apresentado no XLI CNMAC, Unicamp - Campinas - SP, 2022.

Proceeding Series of the Brazilian Society of Computational and Applied Mathematics
Preprint

A note on Lie point symmetry to generalized fractional
Burgers’ equation

Junior Cesar Alves Soares!
FACET/UNEMAT, Barra do Bugres, MT
Felix Costa Silva 2

FACET/UEMA, Sio Luis, MA
Stefania Jarosz?

DMAT /UNICAMP, Campinas, SP
Gastao Silves Ferreira Frederico*
DMAT /UFC, Fortaleza, CE

Resumo. In this article we will present the method developed by [5] to find Lie symmetries for
fractional differential equations. In particular, we will find the symmetries for the generalized
Burgers equation.
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1 Introduction

The Lie symmetries method is a very useful tool for finding exact solutions of partial differential
equations (PDEs), as it has the property of reducing the order of an PDEs or even reduce it to an
ordinary differential equation (ODE). Finding the Lie symmetries of an PDE can help to better
understand the solutions and even be the starting point for others. In the same way it is possible
to apply this method to the fractional partial differential equations for the same purposes indicated
in the case of integer order [7].

Consider an FPDE of the form

o0“u

—=F|U 1

O ), )
where u(z,t) denotes the unknown function, and F [U] = F(z,t, U, Uz, Ugg, Ugt, - . .) 1S a known

function. In this case 0 < o < 1 and the derivative considered is in the Riemann-Liouville sense.
Let us assume that the FPDE is invariant under €, a continuous transformation parameter. So we
can write
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where 7(x,t,u), £(z,t,u) e n(z,t,u) are infinitesimal coefficients and

773(51) =Nz + (nu - gx) Uy — TgUL — gu(ux)Q — TuUgUt;

779(51;) = Nz + (277:rx_:r:z:) Uy — TraUt + (nu - 252:) Ugx — 2Tzua:t + (nuu - 2£ZL’U) (uz)2 (3)

- 2Tzuurut - guu (u:v)3 - Tuu(ur)2ut - 3£uuzurx — Ty UtUgy — 2Tuumuxt-

are extended infinitesimal coefficients of order 1,2 respectively and 19 is the extended infinites-
imal coefficients of order a [10].

The infinitesimal generator associate to (1) is given by

0 0
X=7—-+§—+
ox

ot L

(67
Since the lower bound of the integral in the definition of aT: is fixed and therefore must be

invariant with respect to the transformations (2) we have the invariance condition

T(t, x,u) 0 0.
t=

As the equation (1) is fractional we have that the extended infinitesimal generator will be

9 d d
X=X (1) (1) (0) 4
+ 1, T + N D a5 o (4)
where
0 = D&(n) + DY (ug) — D (Eug) + D (Dy(T)u) — DY (ru) + 7D (u) . (5)

(1) (2)

Using Leibniz’s rule in the equation (5) we have:
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1. For the expression in (1) we have
D7 (uy) — D (us) = ED5 (uy) [Z DE™( "(5)]
= &Df (ug) — [&Da Uuy) + ZlD“ ™ D"(o]
- fz ( ) D ©) (©)

2. For the expression in (2) we have

S (&) o app i) - [i (" F o pp | + 7o

" = ~
- % (&) pe-rapp i) - OLTD;’**l(u) > (" F o pr | + 7o
=3 ()P mi i) - [; ("5 )pee >D"<T>]

Now, in the previous expression in square brackets, we introduce the following change of
variable n := n + 1 like this

oo

> (&) o pi in) - [2_: (o i)Df”(a)D?H(ﬂ]

n=0

_ i (0)- (1)) orrworen

Using Pascal’s identity (%) + (,%,) = (O‘H), we obtain

n+1 n+1
> (1 1) Dy () Dy (1)
= aDy(r ) + Z ( )Df‘”(u)Df“(T). (7)

Substituting the equations (6) and (7) into the equation (5), we get

W) = Dy () — 0Dy (r)Df u) - i (&) perwarie) - i (,5,) oo, ®

We need to calculate the term Dg(n) from (8) remembering that n = n(¢, z,u) and v = u(t, z), to
do so, we will use Leibniz’s rule and then the chain rule.
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a) We can write D(n) = Dg(1 - n) and using Leibniz’s rule we get

oo

DE (1wt ute.o)] = 3 () 06D bttt ).

n=0

b) Applying the chain rule to D} [n(t, z, u(t, z))] we get

DI'[n] = Zn: ( > :i( >k' —u(t,z)]" D" [(u(t,z))*"] (9”:;::1“2(5;?10'

m=0 r=0

Therefore, we obtain

ertte) =5 32592 (1) () (et o

n=0m=0 k=0 r=0

n—m-tk T.u
< [u(t, )] Dp [(u(t, )] L D), Q

The equation (9) can be written by selecting the terms that have derivatives in v and are linear
in u (See [5, 6] e [8]). Precisely, these terms are obtained when k& = 0 and k = 1, in this way the
expression can be rewritten as

9n 0%u 01Ny (M)
Da " Da n , 1
=210 uataJrZ(n) O0) () + (10)
with
228 ()0 Oimator
n=2m=2k=2r=0
T m -r an_m+kn(t?‘r7u)
x [uft, o))" Dy [(ult, 2))1] T (1)
Remembering that the expression p is equal to zero when 7 is linear in u or, equivalently,
Therefore, substituting the equation (10) in the equation (8) we find the a-th extended in-
finitesimal
0%n 0%u a\ 0™ «a
(O) — D _ u Dn+1
N o) A +Z (0) G- () o]
a—n - @ n a—n
< 0pr )= 3 () or o ) (12)
n=1

Returning to the operator (4) we have that
XaAl =0 when Al = 0,
0%u
ith Ay = — — F[U].
W1 1 G [ ]

As an example we use this algorithm presented for the fractional Burgers equation.
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2 Generalized Burgers’ equation

The Burgers equation appeared around 1915, in a work by the physicist Bateman. Is it over
there has been of great interest in physics, because of its statistical properties and because of its
similarity to the 1-dimensional Navier-Stokes equations (see [1, 3]). The non-homogeneous form of
the Burgers equation has many applications in the study of gas dynamics, acoustics, diffusion and
advection phenomena. The original equation is given by:

Up = Vlgy — Ully- (13)
In the paper 2] was considered by authors the Burgers’ equation in the following form

0%u

ot™

where 0 < o < 1 from there they reduced the FPDE into an FODE via Lie symmetries.
In the work [11] was studied the Burgers equation given by:

= Ugy + Uy, (14)

o
ote

= —bugz, — auuy, (15)

where a, b are constants.
In the article [9] exact solutions were found for the inviscid Burgers’ equation given by
0%u

ote

where f, g are smooth functions of u with f # 0.

= —f(Wus + g(w), (16)

3 Lie Symmetries to generalized Fractional Burgers’ equation

In this work we consider the generalized fractional Burgers’ equation, this formulation is inspired
by the article [4] that makes a consistent study for the case where the time derivative is of integer

order.
In the formulation made in this work, we use the equation in the sense of the fractional derivative

as follows:

0“u

atoz = uww + ebuum7 u = ’LL(Z‘, t)
where 0 < a < 1, b = const. # 0 and the Riemann-Liouville derivative.

0“u
Ay = g Uaw e,

and by the invariance criterion we have:

Ar+n0A; =0,

XaAl = XAl + ’r]c(rl) aa Al +77(2)

. T OMge

when A7 = 0.
So, we get

O = .

@

nbeu, —nMet" —nll) + 1
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This equation depends on the variables uy, Uy, Ugt, U, - - - and Dy "u, D "u, ton =1,2,3, -
which are independent. Substituting the expressions of 773(01), ngg), 77&0) and separating the expres-
sions into powers of u we get the following system:
guzft:Tu:Tx:nuuZOa

(%)&(nu) — (nil)DfH(T) =0, paran=1,2,3,--,

"

¢ (z) — ettar (t) — 2Nz + ebuf/(x) — nbeb® =0,

26 (z) — at (t) = 0,

07 (n) — w0y — Ngw — eb“nm =0.
Solving the previous system, we have
2c1t c
E=cix+cy, T= = , 7]:——1,
« b
where ¢; and ¢ are arbitrary constants. The infinitesimal generator is:

0  2cit 9 0
XZ(Cl.T‘FCQ)%—F%a—%%.

Thus, we have that the associated Lie algebra is of dimension three, being the elements of the base
given by
0 0 2t0 10

N=r Tt aa bou

We can use the infinitesimal generator X5, for example, to find the variable transformation in
order to reduce the fractional generalized Burgers equation to an ordinary fractional differential
equation [§].

4 Discussion

The Lie symmetries approach is an excellent tool for finding exact solutions of partial differential
equations and has been used to find solutions to the equations in their fractional versions. Since
2007, with the work of Gazizov et.al, many articles have used this technique. There are still
many questions for the application of Lie Symmetries in Fractional Calculus, for example, if the
technique is valid for all fractional operators and what are the infinitesimal generators for operators
with non-singular kernels.

Furthermore, our purpose is to calculate Lie symmetries for several functions g(u) that are
smooth and to reduce the generalized Fractional Burgers equation for each case to an FODE. In
this perspective, we have already performed the calculations of Lie symmetries in the sense of the
Reimann-Liouville derivative and we are analyzing the cases.
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