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Orthogonal polynomials with respect to the weight function in one variable w(x) = |x|ρ
exp(−|x|m), ρ > −1, m > 0, was �rst studied by Géza Freud, [2]. A symmetric Freud weight
function in one variable is usually given by

wt(x) = e−x
4+tx2

, x ∈ R, (1)

where t is a real parameter. The corresponding moments exist, depend on t and are given by
µk(t) =

∫ +∞
−∞ xke−x

4+tx2

dx, for k = 0, 1, . . . .
Therefore, the sequence of orthonormal polynomials with respect to wt(x) are polynomials on

the variable x whose coe�cients depend on t, that we denote by {pn(x, t)}n>0, they satisfy∫ +∞

−∞
pn(x, t)pm(x, t)wt(x)dx = δn,m,

where δn,m are the Kronecker's delta. These polynomials satisfy the three term recurrence relation
of the form

x pn(x, t) = an(t)pn+1(x, t) + an−1(t)pn−1(x, t), n > 0,

with p−1(x, t) = 0 and p0(x, t) = µ0(t)
−1/2.

The coe�cients an(t) satisfy the nonlinear di�erence equation

4 a2n(t)[a
2
n+1(t) + a2n(t) + a2n−1(t)]− 2 t a2n(t) = n+ 1, n > 0, (2)

where a20(t) = µ2(t)/µ0(t) and a−1(t) = 0 (see [1, 3]). The di�erence equation (2) coincides with
the discrete Painlevé equation dPI

xn(xn+1 + xn + xn−1)− δ xn = αn+ β + (−1)n γ,

with xn = a2n(t), α = β = 1/4, γ = 0, δ = t/2.

The connection between the coe�cients of the three term recurrence relation for orthogonal
polynomials in one variable and Painlevé equations is very well known (see for example, [4]).
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In this work we deal with the system of orthonormal polynomials in two variables {Pn}n≥0
given by

Pn(x, y) =


pn,0(x, y)
pn−1,1(x, y)

...
p1,n−1(x, y)
p0,n(x, y)

 ,

where {pm−k,k(x, y)}nk=0 is a set of linear indepent polynomials of degree n.
The relation of orthonormality for {Pn}n≥0 is given by

< Pn,PTm >= (hij)(n+1)×(m+1) =

{
In+1,n+1, if n = m,
[0]n+1×m+1 , if n 6= m

where [0] is the null matrix, for i = 1, ..., n+ 1 and j = 1, ...,m+ 1

hij =

∫
R

∫
R
pn+1−i,i−1(x, y)pm+1−j,j−1(x, y)W (x, y)dxdy

and W (x, y) is a weight function in two variables.
Here we consider the weight function

W (x, y) = e−q(x,y), (x, y) ∈ R2,

with q(x, y) = a4,0 x
4 + a2,2 x

2 y2 + a0,4 y
4 + a2,0 x

2 + a0,2 y
2 and ai,j are real parameters and the

moments are de�ned by µm,n =
∫
R
∫
R x

nymW (x, y)dxdy, for n,m ∈ N.
The system of orthonormal polynomials {Pn}n≥0 satis�es the three term relations

xPn = An,1Pn+1 +ATn−1,1Pn−1,
yPn = An,2Pn+1 +ATn−1,2Pn−1,

for n ∈ N, with P−1 = 0,P0 = µ
−1/2
0,0 and the coe�cients An,i, i = 1, 2, are full ranked (n+1)×(n+2)

matrices.
We analyse this system of bivariate orthonormal polynomials with respect to W (x, y) and

extend the di�erence equation (2) for the matrix coe�cients of the three term relations of these
polynomials, when a2,0 = a0,2 = −t,
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