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Abstract. Mathematical morphology is a theory concerned with non-linear operators for image
processing and analysis. The underlying framework for mathematical morphology is a partially
ordered set with well-defined supremum and infimum operations. Because vectors can be ordered
in many different ways, finding appropriate ordering schemes is a major challenge in mathematical
morphology for vector-valued images, such as color and hyperspectral images. In this context,
the irregularity issue plays a key role in designing effective morphological operators. Briefly, the
irregularity follows from a disparity between the ordering scheme and a metric in the value set.
Determining an ordering scheme using a metric provide reasonable approaches to vector-valued
mathematical morphology. Because total orderings correspond to paths on the value space, one
attempt to reduce the irregularity of morphological operators would be defining a total order based
on the shortest length path. However, this paper shows that the total ordering associated with the
shortest length path does not necessarily imply minimizing the irregularity.
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1 Introduction
Mathematical morphology is a powerful mathematical theory for image processing and analysis

[3]. From a theoretical point of view, mathematical morphology can be very well-defined in a
mathematical structure called complete lattice [6]. A complete lattice is a partially ordered set in
which any subset has supremum and infimum. The complete lattice framework allowed the de-
velopment of morphological operators for vector-valued images, including color and hyperspectral
images [10]. Nevertheless, vectors can be ordered in many different ways, and finding appropriate
ordering schemes for a given task is one of the main challenges in vector-valued mathematical mor-
phology. In this context, the irregularity issue plays a key role in designing effective morphological
operators [2].

In essence, the irregularity issue follows because the topology induced by a complete lattice
may not reproduce the natural topology of a metric space [2]. Precisely, consider a vector-valued
image I : D → V, where D denotes the image domain and V ⊂ Rm is the value set. Let us assume
that the value set V, endowed with a partial order ≤, is a complete lattice. Also, let us suppose
that V is equipped with a metric d : V×V → [0,+∞). Because morphological operators only take
into account the partial order ≤, they can introduce irregularities if the image I have pixel values
x,y, z ∈ V such that x ≤ y ≤ z but d(x, z) ≤ d(x,y). Accordingly, despite x is closer to z than
to y, the inequalities x ≤ y ≤ z suggest w is farther from x than y [9]. Because morphological
operators are defined using extrema operators, they do not consider the metric of V, resulting in
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the irregularity issue. At this point, we would like to remark that the irregularity introduced by a
morphological operator can be quantitatively measured using the so-called irregularity index [9].

Because the irregularity issue follows from a disparity between the partial order and the metric,
an ordering scheme that preserves the spatial neighborhoods as far as possible should result in fewer
irregularities. In this context, Chevalier and Angulo proposed a total ordering scheme adapted to a
given image [2]. Accordingly, they minimize a cost function that, in some sense, counts the disparity
between the order and the metric. On the downside, due to the high number of different pixel
values in natural vector-valued images, the cost function is usually not computable and alternative
approaches must be considered. One simple alternative could be the total order associated with
the shortest length Hamiltonian path. Precisely, a total order in the set of values of an image
corresponds to a Hamiltonian path on the graph associated with the image [5]. Moreover, the
shortest-length Hamiltonian path yields a total order that takes into account the metric of the
value set, and this ordering scheme is a strong candidate to reduce the irregularity issue. Although
the shortest-length Hamiltonian path has been used for designing vector-valued morphological
operators [5], this paper shows that it does not necessarily reduce the irregularity issue.

The paper is organized as follows: Section 2 provides the basic concepts of mathematical
morphology. The total ordering associated with the shortest-length Hamiltonian path is addressed
in Section 3. Section 4 provides computational experiments on tiny color images using the total
order based on the shortest-length Hamilton path and the lexicographical RGB ordering. The
paper finishes with the concluding remarks in Section 5.

2 Mathematical Morphology and the Irregularity Issue

Mathematical morphology is concerned with non-linear operators widely used for image pro-
cessing and analysis [3]. In a broad sense, morphological operators consider shapes and other
geometrical structures present in images. Complete lattices are appropriate frameworks for devel-
oping morphological operators [6]. A complete lattice L is a partially ordered set (poset) in which
all subsets have a supremum and an infimum [1]. The supremum and the infimum of X ⊆ L are
denoted by

∨
X and

∧
X, respectively.

Throughout the paper, V ⊆ Rm, m > 1, is a complete lattice endowed with a metric d. A
vector-valued image I corresponds to a mapping I : D → V, where D and V denote the image
domain and the value set, respectively. We shall assume that the domain D is a subset of a
non-empty finite additive abelian group (E ,+). The set

V (I) = {I(x) : x ∈ D}, (1)

is the set of all vector-values of the image I.
Dilations and erosions are two elementary operators of mathematical morphology [8]. Given

a set S ⊂ E , called structuring element, the dilation and the erosion of the image I by S are the
images defined by the following equations, respectively:

δS(I)(p) =
∨
s∈S

p−s∈D

I(p− s) and εS(I)(p) =
∧
s∈S

p+s∈D

I(p+ s), for all p ∈ D. (2)

Many morphological operators can be derived by combining the elementary morphological
operators [3]. For example, the compositions of dilations and erosions, known as opening and
closing, possess interesting topological properties and serve as non-linear image filters [8]. Precisely,
an opening is defined as an erosion followed by a dilation of the resulting image with the same
structuring element S. Dually, a closing is a dilation followed by an erosion by the same structuring
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element S. In mathematical terms, the opening γS and the closing ϕS of an image I by a structuring
element S are defined respectively by

γS(I) = δS (εS(I)) and ϕS(I) = εS (δS(I)) . (3)

Note that dilations and erosions are defined in (2) using the supremum (or maximum) and
infimum (minimum) operations. Therefore, a partial order with well-defined extrema operations is
all we need to develop morphological operators. However, there are many different ways to order
vectors. For example, consider a complete lattice V ⊆ Rm. The marginal ordering, also called
point-wise or Cartesian product ordering, is defined as follows for vectors x = (x1, x2, . . . , xm) ∈ V
and y = (y1, . . . , ym) ∈ V:

x ≤M y ⇐⇒ x1 ≤R y1, x2 ≤R y2, . . . , and xm ≤R ym, (4)

where ≤R denotes the usual ordering in R. The supremum and infimum operations are computed
component-wise using marginal ordering. Precisely, given X ⊆ V, then∨

X = (
∨
X1, . . . ,

∨
Xm) and

∧
X = (

∧
X1, . . . ,

∧
Xm). (5)

Despite its simplicity, the marginal ordering given by (4) often leads to false colors, or more
generally, false values [7]. For example, consider the RGB color space CRGB = [0, 1]× [0, 1]× [0, 1],
where each color is composed of the red, green, and blue components. The marginal order yields∨

{(1, 0, 0), (0, 0, 1)} = (1, 0, 1) and
∧

{(1, 0, 0), (0, 0, 1)} = (0, 0, 0). (6)

In words, the supremum and the infimum of red and blue are magenta and black, respectively.
Therefore, using the marginal ordering, the supremum and infimum operations may result in a
color that does not belong to the set, resulting in the so-called false color.

Total orderings can avoid the false-color problem. A partial order ≤ is a total order if, for
any x,y ∈ V, either x ≤ y or y ≤ x hold true. If the value set V ⊆ Rm endowed with a total
order is a complete lattice, then the supremum and the infimum of a finite set are elements of the
set. Consequently, total orders circumvent the false-color problem. The lexicographical ordering,
defined as follows, is an example of a total order for V ⊆ Rm. Given x = (x1, x2, . . . , xm) ∈ V and
y = (y1, y2, . . . , ym) ∈ V, we have

x ≤L y ⇐⇒ ∃k ∈ {1, 2, ...,m} such that ∀j < k, xj = yj and xk ≤R yk. (7)

Therefore, using the lexicographical RGB ordering, the supremum and the infimum of the red and
blue colors are∨

{(1, 0, 0), (0, 0, 1)} = (1, 0, 0) and
∧

{(1, 0, 0), (0, 0, 1)} = (0, 0, 1), (8)

which are not false colors. Actually, there are several morphological approaches based on total
orders. For instance, [10] showed some approaches based on supervised and unsupervised orders.

However, Chevallier and Angulo demonstrated that the topology induced by a total order
could be inconsistent with the topology of the metric space, leading to what they referred to as the
irregularity issue [2]. As a consequence, the image J obtained by a morphological operator based
on a total order may present irregularities. We would like to remark that the irregularity depends,
in particular, on the total ordering. In the following section, we will pursue a total ordering that
could apparently reduce the irregularity issue.

The irregularity introduced by a morphological operator can be measured using the so-called
irregularity index [9]. Briefly, the irregularity index is given by the gap between the generalized
sum of pixel-wise distance and the Wasserstein metric. In this paper, we use the irregularity index
to quantify the irregularity introduced by a morphological operator based on a total ordering [9].

Proceeding Series of the Brazilian Society of Computational and Applied Mathematics. v. 10, n. 1, 2023.

DOI: 10.5540/03.2023.010.01.0095 010095-3 © 2023 SBMAC

http://dx.doi.org/10.5540/03.2023.010.01.0095


4

3 Shortest-Length Hamiltonian Path

As pointed out in Section 2, the irregularity issue follows from a disparity between the total
order and the metric on the set V of values of an image [2]. In light of this remark, this section
presents an approach to define a total order using the metric of V. Namely, the total order is
derived from the shortest length Hamiltonian path in the set of the pixel values of an image.

Let I : D → V be an image where D = {x1, . . . , xn} is a finite domain and V is a complete
lattice. Also, let vi = I(xi) be the value of the image in xi ∈ D, for i = 1, . . . , n. If ≤ is a total
order on V then, for any xi, xj ∈ D, either I(xi) ≤ I(xj) or I(xj) ≤ I(xi) holds true. Hence, a total
order enables the construction of an ordered list P = [v1,v2, . . . ,vn] such that vi ≤ vj for every
i ≤ j. Moreover, the ordered list yields a Hamiltonian path in the set V (I) given by (1), that is, a
path that visits each pixel value of I exactly once.

Since the irregularity issue takes into account the metric d in the value space of the image I, it
is plausible to suppose that a total order in which the list P = [v1, . . . ,vn] of the values of I has
the smallest Total Variation (TV) given by

∥P∥ =

n∑
k=2

∥vk − vk−1∥+ ∥vn − v1∥, (9)

yields more regular morphological operators. In this context, we would like to recall that Lézoray
proposes a heuristic to obtain a total order associated with the smallest possible value of (9) [5].

Note that obtaining the smallest value of ∥P∥ given by (9) is equivalent to finding the shortest-
length Hamiltonian path or solving the traveling salesman problem (TSP). For this reason, we
consider an order obtained by the shortest-length Hamiltonian path that is constructed by solving
the TSP. Precisely, let I : D → V be an image with Card(D) = n and let In = {1, 2, . . . , n} be
a set of indexes. Consider a list P = [v1,v2, . . . ,vn] obtained by the shortest-length Hamiltonian
path constructed in the set of image values V (I) with the metric d of V. Note, however, that
an Hamiltonian path P is cyclic and we can start at any index i from 1 to n in the list P =
[v1,v2, . . . ,vn]. Because we are interested in a smoothing path, we consider a list that starts and
ends in values v1 and vn such that d(v1,vn) ≥ d(vi,vi+1) for every i = 1, . . . , n−1. Furthermore,
we take the first element such that ∥v1∥ ≤ ∥vn∥. Thus, for every i ∈ In, there exists a unique
x ∈ D such that I(x) = vi, and the total order obtained is such that vi ≤ vj whenever i ≤ j.
From now on, we shall refer to the resulting total order as the TSP order.

4 Computational Experiments

Let us investigate the irregularity introduced by morphological operators defined using the
TSP order defined in Section 3. To this end, we consider color images of size 32 × 32 from the
CIFAR10 dataset [4]. We apply the dilation, erosion, opening, and closing operators defined in (2)
and (3) with the TSP order. From a practical perspective, we calculated the TSP order using the
nearest neighbor and the farthest insertion heuristics and adopted the best one. For comparison
purposes, we also apply the same morphological operators defined using the lexicographical RGB
order given by (7). We quantify the irregularity introduced by the morphological operators using
the irregularity index Φg

1 between the input and output images [9]. Furthermore, we calculate the
length of the Hamiltonian path associated with both the TSP and lexicographical RGB orders.

Figure 1 shows the results obtained from four images. Here, the columns show the original
images, those obtained by the TSP order, and those obtained by the lexicographical RGB order,
respectively. The irregularity index and the length of the Hamiltonian path are included below
the operated image. Note that the irregularity for dilation, erosion, opening, and closing in the
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Image 1 TSP order Lex. RGB order
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Image 2 (27.89%, 19.99) (11.07%, 129.29)
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Image 3 (21.59%, 13.11) (3.42%, 65.80)
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in
g

Image 4 (50.28%, 16.61) (8.23%, 64.19)

C
lo

si
n
g

(37.21%, 23.32) (14.83%, 102.57)

Figure 1: Dilation, erosion, opening, and closing of the tiny images 1, 2, 3, and 4, with TSP and RGB
approaches, follow of the global irregularity measure Φg

1 and the length of the Hamiltonian path.

TSP approach is 27.89%, 21.59%, 50.28%, and 37.21%, respectively. The irregularity for dila-
tion, erosion, opening, and closing in the lexicographical approach is 11.07%, 3.42%, 8.23%, and
14.83%, respectively. Thus, the images obtained by the morphological operators based on the lexi-
cographical order are all less irregular than the image obtained using the TSP order. However, the
Hamiltonian paths for the TSP order are all shorter than those obtained from the lexicographical
order. Therefore, minimizing the path does not imply minimizing the irregularity.

Figure 2 shows, in the RGB cube, the values of the set V (I) and the Hamiltonian paths obtained
from images 1 and 3 using TSP and lexicographical orders. Note that the lexicographical order
indeed prioritizes the first component in constructing the path. Note from Figure 2 that the
Hamiltonian paths obtained from the TSP order are indeed shorter than those obtained from the
lexicographical RGB order.
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a) Path TSP of Image 1 b) Path RGB of Image 1

c) Path TSP of Image 3 d) Path RGB of Image 3

Figure 2: Distribution of the input data obtained by the V (I), and the respective Hamiltonian paths
based on the TSP and lexicographical orderings.

5 Concluding Remarks

The irregularity issue in mathematical morphology on vector-valued images follows because the
information contained in a total order is too weak to reproduce the topology induced by a metric
in the space of values [2]. In light of this important result, one natural attempt would be deriving a
total order from a metric. Indeed, Chevallier and Angulo introduced a cost function to measure the
quality of a total order with respect to a metric [2]. Despite its theoretical significance, minimizing
such cost function is a computationally intractable problem for natural vector images. Although
not addressing the irregularity issue, we note that Lezoray also proposed a total order using a
metric in the value set [5]. Precisely, because a total order gives a Hamiltonian path in a graph
derived from a vector-valued image, Lezoray defines a total order based on the shortest-length
Hamiltonian path.

In this paper, we addressed the question: Does a total order associated with the shortest-
length Hamiltonian path yield more regular morphological operators? The answer to this question
is no. Accordingly, the computational experiments reported in Section 4 compares morphological
approaches based on a total order derived from the shortest-length Hamiltonian path and the
lexicographical RGB. The total order associated with the shortest-length Hamiltonian path is
obtained by solving the traveling salesman (TSP) problem using either the nearest neighbor or
the farthest insertion heuristics and referred to the TSP order. Although the TSP order yields
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Hamiltonian paths shorter than those associated with the lexicographical order, the morphological
operators based on the TSP order are more irregular than those obtained using the lexicographical
order. Figures 1 and 2 confirm the negative answer to the question.

For future works, one can pursue a total order that minimizes the irregularity index. For
example, given an image I and a morphological operator ψ, one can use an evolutionary algorithm
to obtain a total order which minimizes the irregularity of the image J = ψ(I).
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