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Well posedness for rabies disease epidemic models for
bovine and bats populations with spatial diffusion
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Abstract. In this paper, we study the well posedness to a SI epidemic models with spatial diffusion
for the spreading of Rabies in the Bovine population with Bats how vector. The well-posedness
of the model is proved using the Semigroup theory of sectorial operators and existence results for
abstract parabolic differential equations.
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1 Introduction

In this paper, we investigated the well posedness for a SI epidemic model with spatial diffusion
for transmission of Rabies by Bats in populations of Bovines, i. e., we show that solutions are
continuous, globally defined and non-negative. This type of study is important in future research
for qualitative and numerical studies for this system. This problem was studied in other populations
of animals, see [6, 7] and references therein, but the study of transmission of Rabies in populations
of Bovine with Bats how vector is a topic not treated in the literature.

In this section, we present some notations and results in functions spaces, semigroup of linear
operators theory, abstract differential equations and qualitative analysis of parabolic differential
equations. For more details, the reader is referred to [1, 2, 4, 5, 8, 9]. In this work, we denote by Q2
a bounded domain in R3. For 1 < p < oo, the space of complex-valued LP functions in Q denoted
by L?(2) with the usual norm || - ||z» . The complex Sobolev space in Q of order k,k =0,1,2,...,
is denoted by H*(2) with norm || - || z» . The space of complex-valued continuous functions on
is denoted by C(Q) with norm || - ||c . Let X be a Banach space with norm | - ||, we denote by
C(€; X) and C(£2; X) the space of X-valued continuous functions and of X-valued continuously
differentiable functions, respectively. Additionally, let B(€2; X) be the space of X-valued bounded
functions. The Sobolev space of fractional order s > 0 is denoted by H*(£) with norm || - || z- . We
assume ) has a C? class boundary 92, and for % < s <2 by H3 () we denote a closed subspace
of H5(Q) such that H5 () = {u € H*() : dpu =0 on 90} .

In what follows, for the sake of simplicity, we use the universal notation C' to denote any
constant that is determined for each specific occurrence of 2. In cases in which C also depends on
some parameter, say £, we use the notation Cg.
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Let us comment on the existence theorem for local solutions to an abstract equation in a Banach
Space. We consider the following Cauchy problem for an abstract evolution equations in X

dt

{dU+AU = F{U), 0<t<T, (1)
U(0) = Up.

Here, A is a sectorial operator of X with angle 0 < w4 < 7. By definition,

o(A) C X, ={NeC:larg(\) < w}, wa<w< %, (2)
and
M,
[O=A7 S 55 A ¢ %0, wa<w< g (3)

Theorem 1.1. /8, Theorem 16.7] Let A= —A+1 be a second-order differential operator in L*(Q)
with the Neumann boundary condition on 0. Then, the domains of the fractional powers of A is
characterized by

H?(Q <f<3
D(AG) _ 29( )7 forg_ 0 < 4
H (), for3<0<1,

with norm equivalence Cg' || u 20 () <I| A% |20y < Ca || w |20y, u € D(AY).

The operator A defined above generates in Ly-spaces an analytic semigroup (T'(t))¢>o. For 6 > 0
it satisfies the estimate

efét

| AT (b |12 O

[wllzz, t>0,we L), (4)

with some fixed constant § > 0. For more details see [3] and the reference there in.
Let F' is a nonlinear mapping from D(A") into X, where 0 <7 < 1. F is assumed to satisfies
the Lipschitz condition of the form

TEQ)=FM) I < e(lUI+ 1V I) >[I AU =V) ||
+(M AT+ AV IO =V ], UV e DA, ()

and ¢(-) is some increasing continuous function. The initial value Uy is taken in D(A"). For more de-
tails about local and global theorems of existence and uniqueness of solutions for abstract parabolic
differential equations see [§].

2 The model

In this section, we introduce the epidemic model for the Rabies disease in Bovine and Bats
populations. The total of Bovine population N, is divided into two sub-populations: Bovines that
may become infected (susceptible S;); Bovines infected by rabies (infected Ip);

The parameter 7 is the birth rate of Bovine. The birth rate is assumed to be equal to natural
death. The total population of Bats N, is divided into two sub-populations: bats which may
become infected by the disease; bats infected by the Rabies.

The parameter p is the birth rate of the bats and it is assumed to be equal to the death rate.
A Bovine infected I, can transmit to the susceptible Bats S, because of an effective transmission
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with a rate k. A bat infected I,,, can transmit to the a susceptible bovine S, with a transmission
rate 3.

A susceptible bat can be infected if there exists an contact with an infected bats with a rate
. d represents the diffusion coefficient of bats. The rate 7 represents the additional mortality in
bovine population caused by Rabies transmitted by Bats. Homogeneous mixing is assumed; that
is, all susceptible Bovines have the same probability to be infected and all susceptible Bats have
the same probability to be infected.

We can describe the disease epidemic models with spatial diffusion given by the following partial
differential equations of parabolic type with Neumann condition:

S/ = puNpy +dAS,, — kSmly — XSy I — Sy, in (0,00) x Q,
Il = dAILy, + 6SmIy + ASp I — ply,, in (0,00) x Q, (6)
S, = nNy—BSpln —nSy, in (0,00) x Q,
I, = BSylym— (n+7), in (0,00) x Q,
S,,L(O,a:) Sm 0 a m O -77) = Im O( ) Sb(o,l‘) = Sb,0($)7 Ib(071') = Ib,O(aj)v S Q’ (7)
Sm
Let U = {gm , we get the problem (6)-(7) can be formulated as abstract Cauchy problem
b
Iy
Ut)+Aut) = FU), t>0, (8)
UWo) = U e X, (9)
where
—dA + 0 0 0 Ny — &SIy — ASp I,
_ 0 —dA4+pu 0 0 _ KESmIy + ASmIm
A= 0 0 n 0 and F(U) = NNy — BSy I,
0 0 0 n+r1 BSplp,

In (8)-(9), the space X is defined by X = L2(Q) x L?(Q) x L?(2) x L?(Q2) under the norm

1

2
_ ( |Sm|2+fm|2+|sb|2+1b|2da:) ,
Q

Sm
and we define the D(A) by D(A) = {gm € X :Sm, I € H4(Q) and S, I, € L*(Q)
b

I
2.1 Global existence, positivity of solutions

In the sequel, we show the existence of local solutions associated to the system (6)-(7).

Theorem 2.1. For each initial function data (Spm.0, Im.0, S0, Ip.0) € L*(Q) x L2(Q) x L*(Q) x
L3(Q), with Spm.o,Imo,Se0, b0 > 0. Then, the problem (8)-(9) admits a unique local-in-time
solution U = (S, I, Sy, Iy) in the space U € C((0, Ty, ]; D(A)) N CL((0, Ty, ]; X) N C([0, Ty, ); X),
where Ty, is a positive constant depending only of || Up || -
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Proof. Let Ag and Ay are realizations of operators —dA + p and —dA + p respectively, in L2(£2)
under the Neumann boundary conditions on 9€2. It is not difficult to show A is a positive defined
self-adjoint operators of X. For 0 < 6 < 1, its fractional power A" are also diagonal operator

A0 0 0
0 0 A% o0 0 : :
A = 0 0 o 0 . By [8, Theorem 16.7] and [8, Theorem 16.9], their domains
0 0 0 (n+7)°

are characterized by
3
D(A%) = {*(Syn, In, Sty Ip) = Sony I, € H?*(Q) and Sy, I, € L*(Q)}, 0<6 < T

and D(A?) = {* (S, I;m, Sp, Ip) : Sy I € H¥ () and Sy, I, € L2(Q)}, 3 <6< 1.

Let o -
uNm — &S; I — ASE I

kSE I+ )\S}nﬂn

0Ny — BS,I, ’
BS Ly,

with domain D(F) = {*(Sm, Im, Sb, It) : Sm, Im € L>®(Q) and Sy, I, € L*(Q)} where ' M represent
the transpose of M.

Fix an exponent such that 2 < 6 < 1. Then, by [8, Theorem 1.36] we have D(A?) C D(F).
Therefore, for Uy,Us € D(F).

FU;) =

| Fh) = Fe) 1P < CU Sy il Iy = 5 172 + [ Sp = S5y 7Nl 15 117
1S Wl L = Lo 22+ 1 S = S5 2201 27, 11
+ 118y 122 I = I e + 11 Sy = S5 [1Z2211 17, (1)

< C((IA%Sy, 172 + I AT, |172)
(I Sm = So W72 + 1Sy = Sy 7 + I In = I N7 + | Iy = I3 1172)
+(I Sp llzz + 11 75 H1z2) (1 A°(Sp = S2) 72 + 1 A°(L, = I7,) [122))
< (AU ||+ 11 A% () ||ty — Ue |12

(U I+ 112 D2 ] AW — Ue) |P).

By [8, Theorem 4.4], the problem (6)-(7) has a unique local solution in the function space U €
C((O7 Tlx[o]; D(A)) N Cl((07 Tlx[o]; X) n C([Oa TZ/I()]; X) [

Theorem 2.2. For any given initial data satisfying the condition (6)-(7), there exists a unique
solution of problem defined on t € [0,Ty,] and this solution remains nonnegative for allt € [0, Ty, ).

Proof. We will show that S, (t) > 0, L,(t) > 0,S,(¢t) > 0 and I;(t) > 0 for all 0 < ¢t < Tp,. For
this purpose, however, we have to introduce the modified nonlinear operator

1N, - mgmx(:Refb) - )\ﬁmfm
T kSmx(Rely) + ASim L
]:(U) B 77Nb - ngjm ’
6SbIm

where x(u) denotes a function such that x(u) = 0 for —oo < u < 0 and x(u) = u for 0 < u < 0.
We have to consider the auxiliar problem

Ut)+Aut) = FU), t>0, (10)
UWO) = U e X, (11)
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It is clear that the new nonliner operator F also satisfies (5) with the same expoent 6 because
| x(Re u) — x(Re v) ||p2<|| u — v || for u,v € L?*(2). Therefore (10)-(11) possesses a unique
local solution U = (Sm,fmlgb, fb) on an interval [O,Tuo} in the same functions spaces S’m, I, €
C([O,Tz{o],L2(Q)) N Cl((O,TUO];L2(Q)) n C((QﬂTUOLH?V(Q)) and Sg,[b S C([O,IUO];LQ(Q»Q
CH((0,Ty,); L*(2)). First, we will show that S,,(t) > 0,1,,(t) > 0,S,(t) > 0 and I,(t) > 0 for
all 0 <t < Ty,.

We note that U(t) is real-valued. Indeed, the complex conjugate U(t) of U(t) is also a local

solution of (10)-(11) with the same initial value Uy. From the uniqueness of solutions, Ut) =Ult),
hence U(t) is real-valued.
Let H(-) be a C1! cutoff function such that H( ) = 22 for —00 < u < 0 and H(u) = 0 for
0 < u < oo. By Yagi [8] (page 52), the function 9(t) = [ H(u(t))dz is continuously differentiable.
Computing the derivative of 1(t) with u(t) = S,,(t), we get

V()= [ H'(8m)S, de = | H'(Sm) (uNm FdAS, — £S5 x (D) — Al — Mém) da.
Q Q

But, (by property (1.96) of [8]) we can get

/ H'(S,)AS,dx = — / VH'(Sy) - VS, dx
Q Q
= —/VH/(S'm)-V /\VH ) |2 dx <0,

Q

therefore
V(L) = —d/\VH ) |? dx + pN,, /H’ dx—/i/H ) S X (1) dx
—/H’(Sm)Sm()\Im—i—,u)dx.
Q

O < = [ HGE 0+ < C S (] T 1)
< CHG) [ W+ S o+ 1 ol 1o s + 1 o 1)
< CIHG) o (14 1 S oo + 1) B s + 11 Sy 2+ 11 5 12)

CY) (14 || S 2o + I L Nz + 11 Sy e + || I [l 22).

Therefore 1 (t) < Ctp(t)(1+ || A"U(t) ||). Thus, by Lemma Gronwall,
W(t) < 1(0)eC Jo AFHIAU Ddr
Using the bound || A%U(7) ||< Cy, 7%, which means that || AQU( ) || is integrable in 0 < t < Ty, .

Hence, 1(0) = 0 implies 1 (t) = 0, namely Sp(t) >0 for 0 <t < Ty, -
Now, computing the derivative of ¥ (t) with u(t) = I,,(t)

/ H'(I, dAI + 6Smx(Ip) + NSyl — pil, ) dzx = —d/ | VH'(I,,) |* dz

+/<;/H m mxIb)dxf2)\/H Sd:cf?p/H Ydx < 0.
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6

By H(fm) > 0 and H’(IN@) < 0 we get ¢'(t) < 0. From %(0) = 0, we get w(~) = 0, this
implies I (t) > 0 for 0 <t < Ty,. For ¢(t) with u(t) = Sy(t) we have ¢'(t) = [, H'(S5)S( )dx =
fQ (an ﬁgbfm - ﬁgb) dx § 0.

From the same argument before, we get Sy(t) > 0 for 0 < t < Ty,. For ¥(t) with u(t) = I,(t)
we have ¢/ (t) = [, H'(Iy)1}(t)dz = [, H'(I,) (5§bim —(n+ T)ib) dz < 0. therefore I(t) > 0 for
0<t<Ty,. i i i

We now notice x(/4(t)) = Iy(t), this implies U is a local solution of the original problem (8)-(9)
too. The uniqueness of solution then implies 4/ = U. Hence S,,(t) > 0, I, (t) > 0, Sy(t) > 0 and
I(t) > 0for 0 < t < Tyy,. Now we have the possibilities: If Ty, > Ty, we ﬁmshed the proof. If not, we
define Tp = sup{0 < T < Ty, : Sy, (t) > 0, L, (t) > 0, Sb()ZOandIb()20f0revery0<t§T}
From

/H(Sm(To))dx: lim | H(Sn(t))dz =0,
Q t—=T, JQ

we see that Sp,(Tp) > 0. By similar argument, we have I,,(Tp) > 0,5,(Tp) > 0 and I,(Tp) > 0.
So if, Ty = Ty,, we finished the proof. If Ty < Ty, we will consider again the problem (10) but
with the initial time T and the initial value U(7p). Repeating the same argument as above, we
conclude that there is 6 > 0 such that Sy, (¢) > 0,1,,(¢t) > 0,S,(t) > 0 and I(t) > 0 for every
Ty <t < Ty + 6. This is a contradiction, hence Ty = Ti4,. The above arguments implies the
nonnegativity of solutions for all 0 <¢ <Ty,. O

2.2 Boundedness of solutions

Now we show the existence of global solutions for the problem (6)-(7).

Theorem 2.3. For any given initial data satisfying the condition (6)-(7), there exists a unique
solution of problem defined on [0,00) and this solution remains nonnegative and bounded for all
t>0.

Proof. How Sy, I, Sy and I, € C([0,Ty,]; L*(2)) we have S, I, S, and I, is bounded in L?
norm in [0, 7] with T' < Ty,. For all t > T, we have

/SmS;ldx

Q

/Imend:E
Q

/Imﬂnd:v
)

/Smljndm = /dSmAImdx+//{Sﬁllb—i—/\S’?nIm—uSmImdx.
Q Q Q

/ dS; AS,dx + / (N Sy — pS2, — KS2 Iy — AS2 I, dx,
Q Q

/ dl,,AS,,dz + / UN T — 1L Sy — KLy Sy Iy — NS I de,
Q Q

/ dl, AL, dx + / KSmImIy + NSy 12, — pI? de,
Q Q

Therefore

1
Ld (S + Ip)?da = _/ d| VS + VI, |?dx +/ YN (S + L) — (S + L)% d

2
/ 1 /2 N2
< /( H(SerIm)** MNm) dxiﬁ/|sm+lm|2dx+ = dx
Q 2 2V 2 Jo Q
N2
< —H/\Sm+1m|2dx+—ﬂ miQl.
2 Jo 2
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By Lemma Gronwall, || Sy, (t) + L () [|22<|| Sm(0) + L (0) |22 e 7 + % Q| . From S,,(t) >0
and I, (t) > 0, follows that || Sp () [|22 + || Zm(t) [|22<] Sm(0) 4+ L, (0) |2, e + ]\;—?" | 2] .

/ SbS{)dI = / T]NbSb - 6S§Im - T]Sde.Z‘, / IbS[/)d.T = / anIb - ﬁIbSbIm - nIbdex,
Q Q Q Q
/ LIde = / BI, Syl — (n+ 7)I3de, / SyIidr = / BSZI,, — (n+ 7)Sylyda.

Q Q Q Q

Therefore

1d
f—/(Sb—ka)Qd:r,g/an(Sb+Ib)—77(Sb+Ib)2dx

2
n 1 /2 n 9 /anQ
< - £ I,)— =/=0Ny ) de— 2 I, |* d Loy
< /Q<\/;(Sb+ b) 2\/;17 b) x 2/Q|Sb+ b erQ 5 do

N2
< fﬂ/ |Sb+Ib|2dx+n—b|Q|.
2 Jo 2
By Lemma Gronwall, || Sy(t) + Ip(t) [|2.<|| S(0) + I,(0) |2 e™ + NTLZ | 2] . From Sp(t) > 0 and

I,(t) > 0, we get that || Sp(t) |22 + || In(t) [|22<]| S6(0) + 1,(0) ||2, e + NTbZ | Q| . The result
now is consequence of the [8, Corollary 4.3]. O

References

[1] R. G. Casten. “Stability properties of solutions to systems of Reaction-Diffusion Equations”.
In: SIAM J. Appl Math. (1977), pp. 353-364. DOI: doi.org/10.1137/0133023.

[2] D. Henry. Geometric Theory of Semilinear Parabolic Equations. Lecture Notes in
Mathematics 840. Springer-Verlag Berlin Heidelberg, 1981.

[3] Nakaguchi and K. E. Osaki. “Global existence of solutions to an n-dimensional parabolic-
parabolic system for chemotaxis with logistic-type growth and superlinear production”. In:
Osaka Journal of Mathematics (2018), pp. 51-70.

[4] K.Nodaand K. Osaki. “Global attractor and Lyapunov function for one-dimensional Deneubourg
chemotaxis system”. In: Hiroshima Math J. (2019), pp. 251-271. por: 10.32917/hmj/
1564106547.

[5] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential
Equations. Springer-Verlag, New-York, 1983.

[6] P. Pongsumpun. “Dynamical model of rabies disease in human and dog”. In: Proceedings
of the 4th International Conference on Management Science and Industrial Engi-
neering (2022), pp. 462-466. DOI: doi.org/10.1145/3535782.3535843.

[7] S.Ruan. “Spatiotemporal epidemic models for rabies among animals”. In: Infectious disease
modelling (2017), pp. 277-287. DOI: doi.org/10.1016/j.1dm.2017.06.001.

[8] A. Yagi. Abstract Parabolic Evolution Equations and their Applications. Springer
Monographs in Mathematics. Springer Science & Business Media, 2009.

[9] S. Zheng Z. Liu. Semigroups Associated With Dissipative Systems. m Research Notes
Math. 398. Chapman&Hall/CRC, Boca Raton, 1999.

DOI: 10.5540/03.2023.010.01.0117 010117-7 © 2023 SBMAC


http://dx.doi.org/10.5540/03.2023.010.01.0117

