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Abstract. This paper investigates the distribution, simplicity, and monotonicity of the zeros of
even and odd polynomials generated by a four-term recurrence relation and linear coefficients.
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1 Introduction

Sequences of polynomials generated by recurrence relations have been explored since the 18th
century. A classical example is the three-term recurrence relation related to the real orthogonal
polynomial sequence [2, 4]. However, not much is known in the case of polynomials generated by
a four-term recurrence relation. We can cite the references [1, 5, 6] as an example of recent studies
involving these classes of polynomials.

In this paper, we consider the polynomial sequence satisfying

Qn(z) = ZQn—l(Z) - bOQn—Q(z) - Clen—3(Z)7 (1)

with by, 1 € R — {0}, Qo(2) =1 and Q_,(z) =0, for all n € N.

This case was studied in reference [1], where the author presented necessary and sufficient
conditions on the coefficients by and ¢; such that all the zeros of the polynomial @, (z) are real,
for all n. The main result of [1] is the following.

Theorem 1.1. The zeros of Qn(z) are real if and only if by > 0 and —l% =a< %, in which case
they lie on the interval I := \/bo(—\, \), where

4

3/2 :
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Futhermore, if Z(Qy,) is the set of zeros of Q,(2), then U Z(Qn(2)) is dense on I.

n=0

Observe that, if bp > 0 and ¢; > 0, from this result it follows that all the zeros of @, (z2),
represented by 21,22 pn, ..., 2nn, are real. This observation will be used in Theorem 2.1, which is
the main result of this paper.

In the following, we present some properties of polynomial Q,(z), that will be used to analyze
the distribution of the zeros according to the signal of by and ¢;. We may see a complete study of
this topic in [3].
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2 Properties of Q,,(2)

We can find proof of these lemmas in [3].
Lemma 2.1. If n is even (odd), the polynomial Q,(z) is even (odd).

Lemma 2.2. Ifn is odd, z = 0 is zero of Qn(2). Furthermore, if sgn(by) = sgn(c1), 2 =0 is a
simple zero. For n even, Q,(0) # 0.

Lemma 2.3. For any n, n > 1, if sgn(by) = sgn(c1), then the three consecutive polynomials @y,
Qn_1 and Qn_o do not have common zeros.

As we mentioned before, if by > 0 and ¢; > 0 in (1), from Theorem 1.1, it follows that all the
zeros of @, (z) are real. In the following result we prove that under this condition, the zeros of
Qn(z) are distinct and satisfy the interlacing property.

From Lemma 2.1, it follows that the zeros of @, (z) are symmetric with respect to the origin.
So, Qn(z) has |n/2| positive zeros, denoted by 2z, k = 1,...,|n/2], and |n/2] negative zeros,
represented by 2z, k =n/2+1,...,n (for n even) and k = |n/2] +2,...,n (for n odd). If n is
Odd7 ZLn/QH,Ln =0.

Theorem 2.1. Ifby > 0 and ¢1 > 0 in (1), Qn(2) has n distinct and real zeros z1,, > 22, >
... > 2z Such that

e if n is even,

Zln > Rljn—1 > Zln—2 > 22n > Z2n—1 > 22n—2 > ... > Zn/2,n
> Zn2n-1=02> 2Zn/241.0 > Znj2n—2 > Znj241n-1 > Znj242m (2)
> > Zn—3,n—2 > Zn—2,n—1 > Zn—1,n > Zn—2,n—2 > Zn—1,;mn—1 > Zn,n;

e if n is odd,
Zln > Zlp—1 > Z1n—2 > 22.n > 22n—1 > 22.n—2 > -+ > Z|n/2|n
> Z|n/2)in—1 > Zn/2)in—-2 = 0= Z|n/2/+1,n > Z|n/2|+1,n—1 (3)
> Zn/2]4+2,n > > Zn—3,n—2 > Zn—2,n—1 > Zn—1,n
> Zn—2,n—2 > Zn—1,n—1 > Zn,ns
wWhere 21 n—1,22,n—1,- - > Zn—1,n—1 ONA 21m-2,22 n—2, .- ., Zn—2n—2 are the zeros of Qn_1(z) and

Qn—2(2), respectively.

Proof. Firstly, we will analyse the behaviour of the zeros of 1, @2, @3 and Qg4:
1. Q1(2) = z and then z;; = 0.
2. Qa(2) = 2% — by, 212 = Vbo and 225 = —/by. Consequently,

21,2 > 21,1 > 22.2.

3. Q3(2) = 2Q2(z) — (bo + c1)z = z[(2 — 21,2)(2 — 22.2) — (bo + ¢1)]. Observe that Q3(0) = 0,
Q3(z1,2) <0 and Q3(z2,2) > 0. So, 21,3 € (21,2,00) and 233 € (—00, 22,2). Then,

21,3 > 21,2 > 21,1 = 0= 22,3 > 222 > 23 3.
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4. Q4(Z) = Z[(Z_21,3)(2'—2273)(2_2373)_ClQl(Z)]—bO(Z_Zl,Q)(Z—ZQQ). Note that Q4(2373) < 0,
Q4(2z2,3) > 0 and Q4(21,3) < 0. So, 214 € (21,3,00), 224 € (22,3,21,3), 23,4 € (22,3, 22, ;) and
z4.4 € (—00, z3,3). Furthermore, Q4(z1,2) < 0 and Q4(z2.2) < 0. Consequently,

21,4 > 21,3 > 21,2 > 224 > 223 = 0> 23,4 > 222 > 233 > 244

By induction hypothesis, we assume that for some n > 3, the zeros of the polynomials @,
Qn—1 and Q,,_o satisfy the relations (2), for n even, and (3), for n odd.

We will prove that those inequalities work for the zeros of 11, @, and @, _1. Firstly, note
that

n—2

@uir(2) =[] = z3) b0 [[ = 1) — 22 [] = 23 2). ()

J
If n+ 1 is even, from (4) it follows that

sen(Qnir(zen)) = (—D* k=1,...,n,
-0k k=1,..., 8L
B Qo)) = { E—1%*1, P

Furthermore, lim Q,41(2) >0 and lim Q,11(z) > 0.
Z—00 Z——00
With this, we have the existence of n + 1 real zeros of Q,,41(z) such that
Zn41 > 2l > Zln—1 > 22n41 > 220 > 22n—1 > - -+ > Z(n41)/2,n+1
> Znt1)/2,0 = 0> Z(m43)/2,n 401 > Z(nt1)/2,n—1 > Z(nt3)/2,n > Z(nt5)/2,n+1
> > Zn—2,n—1 > Zn—1,n > Zn,n+1 > Zn—1,n—1 > Zn,n > Zn41,n+1,

from which we complete the proof for n + 1 even.
If n+1is odd, from (4) it follows that

Sgn(Qn+1(zk,n)) = (71)]6’ k= 1,...,71,
_ <_1)k7 k:17~"7L(n+1)/2J_17
en(Qnta(zen—)) = {(nﬂa =L+ 1)/2 +1,...,n—1
Qni1(2|(nt+1)/2)n-1) = 0.

Furthermore, lim Q,41(2) >0 and lim Q,11(z) <O.
Z—00 Z—>—00
With this, we have the existence of n + 1 real zeros of Q,,+1(z) such that
Zl,n41 > Zln > Zln—1 > 22 n+1 > 220 > Z2n—1 > - -
> Z|(n+1)/2)m > Z(n+1)/2)+1n > Z(nt1)/2) =1 = 0= 2|+ 1)/2) 41,041
> Z|(n+1)/2]4+2,n+1 >0 > Zn—2,n—1 > Zn—1,n > Zn,n+1
> Zn—l,n—l > Zn,n > Z’IL+1,TL+13
from which the proof for an odd n + 1 follows. U

1
If bp > 0, ¢; <0 and 72—1 < 9 in (1), from Theorem 1.1 it follows that all the zeros of Q,(z)

are real. Experiments show that the interlacing property mentioned in Theorem 2.1 is valid. So,
we proposed the following conjecture:

1
Conjecture 2.1. If by > 0, ¢; < 0 and 72—1 < g in (1), Qn(z) has n distinct and real zeros
0
Zin > Zom > ... > Znp Such that the relations (2) and (3) are satisfied.
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3 Numerical example

To exemplify the properties presented in the previous section, we shall consider by = 0.01 and
c¢1 = 1. So, we have

@n(2) = 2Qn-1(2) = 0,01Qn—2(2) — 2Qn-3(2), (5)
with Qo(z) =1 and Q_,(z) =0, for all n € N. From the equation (5), it follows that, for n =5, 6
and 7,
76 203
_ ,5_1'3
@alz) = == 57 o000~
81 5303
_ ,6_9% 4 2 _ 106
Qulx) = =557 T 00”10
253 3121 19
Q7(Z) _ 27 ) v et 3 Y

50 © 10007 62500

The next figure display the zeros of Qs5(z), Qs(z) and Q7(z), represented by green, blue and
red points, respectively. Counting the zeros of each polynomial in Figure 1 on the left, we can miss
three zeros from @Q7(z), two zeros from Qg(z), and one zero from @5(z). This bad impression is
clarified by enlarging the figure close enough to the origin, as in the figure on the right. The zeros
that we cannot see clearly, due to the scale of Figure 1 on the left, are

237~ 0,0099, z47 =0e z57 = —0,0099, zeros of Q7(2),
23,6 ~ 0,001 e z46 = —0,001, zeros of Q¢(2),

z3.5 = 0, zero of Q5(2).
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Figure 1: Representation of zero interlacing property of Q5(2), Qg(2) and Q7(z).

Note that the origin is a simple zero of Q5(z) and Q7(z), as mentioned in Lemma 2.2. Also, it
is easy to see that they do not have common zeros. Furthermore, as predicted in Theorem 2.1, the
zeros satisfy the interlacing property.
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