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Abstract

Our study explores the average degree and clustering of a complex mobility network designed to
model and simulate the COVID-19 pandemic. To construct this network, we utilized mobility data
collected in São Paulo, creating a network in which each node represents an individual, and each
edge weight denotes the duration of contact between individuals during a typical day. By analyzing
data from an Origin-Destination Research, we calculated the average degree and weighted clustering
coefficient of the network for various minimum contact duration. We aimed to understand the effect
of increasing minimum contact duration on network structure. Our findings indicate that networks
with different minimum contact duration remained sparse, as the average degree of the generated
graphs decreased.
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1 Introduction
Since the emergence of the SARS-CoV-2 virus in early 2020, it has rapidly spreaded worldwide,

resulting in a devastating pandemic. In Brazil, the virus has infected more than 35 million people
and caused over 689,000 deaths since the first case was recorded in São Paulo on February 25, 2020
[3].

Computational models have become increasingly crucial in dealing with the complex problems
presented by the pandemic. In particular, mathematical models focused on epidemiology have
gained traction as a valuable tool to forecast, and highlight the importance of actions to reduce
the number of cases [1]. One promising approach in this area is the use of mobile network modeling
based on actual data from the region under study [5].

A mobility network consists of locations connected by the flow of people [6], which is essential
for understanding virus transmission on a large scale, particularly in a vast country like Brazil [4].
Such networks provide insight into complex systems by treating regions as nodes and movements
between them as edges in a graph [9].
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Against this backdrop, this work uses mobility data from São Paulo as the basis for our study.
We build a contact network relating people to the time they spend in contact with others, using
graph theory to analyze how this mobility network is structured. Specifically, we investigate how
different values of a minimum contact duration threshold affect the construction of the network.

In Section 2, we describe the metrics we use and how we manipulate the mobility data. We
present our results and analyses in Section 3, and conclude in Section 4. This study adds to the
growing body of literature using computational models to understand the epidemiological dynamics
of the COVID-19 pandemic.

2 Methodology

Graph theory has emerged as a powerful tool in the computational analysis of mobility data.
In our study, we utilized this framework to construct a graph where each vertex represents an
individual, and the edges represent the relationships between them. The weights of these edges
vary depending on the duration of time that the individuals spent in contact with each other. This
approach allows us to model the mobility patterns of individuals and provides a way to study the
network structure of the resulting graph.

2.1 Graphs Theory

A network is formally defined as a graph G(V,E), where V represents a non-empty set of
vertices (nodes), and E represents a set of non-ordered pairs of vertices, which correspond to the
edges (links) of G [7]. The adjacency matrix, A = aij for i, j = 1, ..., N , is used to represent the
links between vertices in the graph. The value of aij is 1 if there is an edge between vertices i and
j, and 0 otherwise, where N is the total number of nodes in the graph. Edge weights are assigned
to the edges in a matrix W = wij for i, j = 1, ..., N , where wij represents the weight of the edge
connecting vertices i and j. In the case of our study, the weight is the duration of contact between
individuals. Notably, the adjacency and weight matrices are constructed with a zero value in their
main diagonal, which disallows self-loops (i.e., a11, a22, ..., aNN = 0 and w11, w22, ..., wNN = 0).

2.1.1 Network Degree

In an undirected network, the degree of a node ki represents the number of links that node
i has with other nodes. As there are no differences between incoming or outgoing edges in an
undirected network, ki can be interpreted as the number of neighbors that node i has. The degree
ki for node i can be calculated as the sum of the elements in the i-th row (or column, since the
matrix is symmetric) of the adjacency matrix A, that is:

ki =

N∑
j

aij , (1)

where N is the total number of nodes in the network and aij is the element in the i-th row and
j-th column of A [2].

To calculate the average degree of the graph, denoted by < k >, we can use the formula:

< k >=
1

N

N∑
i=1

ki.
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which gives an idea of the connectivity of the network as a whole. A higher value of < k > indicates
a denser network with more connections, while a lower value indicates a sparser network with fewer
connections.

2.1.2 Clustering Coefficient

The clustering coefficient, denoted by C, is a metric commonly used in network analysis to
measure the tendency of nodes in a network to form clusters or tightly interconnected groups. It
provides insight into the local structure of a network by quantifying the extent to which a node’s
neighbors are interconnected. Specifically, for a node i with degree ki, the clustering coefficient
is defined as the ratio of the number of links between neighbors of node i to the total number of
possible links between them [10].

It should be noted that for nodes with degree ki = 0 or ki = 1, the clustering coefficient is
undefined since there are no neighbors to form connections between. Thus, by convention, Ci = 0
for such nodes [2]. For this study, a weighted clustering coefficient, Cw, was calculated, which
takes into account the weights of the edges connected to each vertex:

Cw
i =

1

si(ki − 1)

∑
j,h

(wij + wih)

2
aijaihajh, (2)

in which si is obtained by summing the weights of adjacent edges for each vertex.
To obtain the average clustering coefficient of a graph, denoted as < C >, one needs to divide

the sum of the weighted clustering coefficients Cw
i for all nodes i in the network by the total number

of nodes N :

< C >=
1

N

∑
i

Cw
i . (3)

2.2 Data

The contact network between individuals was constructed using real-world data from the city
of São Paulo, Brazil. The data was obtained from the most recent Origin-Destination Survey of
the city, which was completed in 2017 and is available in an open format on the Transparency
Portal of the State of São Paulo Metro website [8].

The dataset covers a 24-hour period, starting at 00:00h and ending at 23:59h of the same day.
Each individual in the dataset is identified by an identity number (ID PESS), and the dataset
records the total number of trips made by each individual during that period (TOT VIAG).

The Origin-Destination (OD) zones are defined based on their urban homogeneity and so-
cioeconomic characteristics. Each zone represents the smallest geographic unit which ensures the
statistical representativeness of the data.

Thus, every trip made by an individual is numbered (N VIAG) and includes information on
the origin zone (ZONE O) and destination zone (ZONE D) of the trip. The dataset also provides
the exact departure time from the origin zone (H SAIDA and MIN SAIDA) and the arrival time
at the destination zone (H CHEG and MIN CHEG).
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Table 1: Profile of the first 5 lines of the dataset of the city of São Paulo.
ID N TOT ZONA ZONA H MIN H MIN

PESS VIAG VIAG O D SAIDA SAIDA CHEG CHEG
10001101 1.0 2 1.0 3.0 5.0 45.0 5.0 55.0
10001101 2.0 2 3.0 1.0 15.0 45.0 15.0 55.0
10001102 1.0 3 1.0 82.0 9.0 0.0 9.0 50.0
10001102 2.0 3 82.0 84.0 17.0 0.0 18.0 0.0
10001102 3.0 3 84.0 1.0 22.0 50.0 23.0 30.0

2.2.1 Network Construction

To construct the network, we connected individuals who were present in the same zones during
the same time periods. The number of individuals considered in this analysis is equal to the number
of nodes, denoted as N , in the resulting graph. To achieve this, we divided the day into one-minute
periods, and our code, implemented in Python, efficiently identified the zones each individual was
in at each minute, disregarding travel time between zones. This information was then used to
construct the weight matrix W , which represents the contact duration between individuals.

The weight matrix W was employed to create the graph, and its analysis is presented in Section
3. See Table 1 for an example of the dataset used to construct the weight matrix.

Despite the large number of nodes and edges in the graph, we optimized the Python code to
such an extent that it enabled us to calculate the relevant metrics within approximately 12 minutes.

3 Results
The weights of W represent the duration of time two individuals maintained contact with each

other if both were in the same zone. To determine whether an edge will connect two different
people in the network, a threshold called the minimum contact duration (mcd) is defined. For
example, if mcd = 1, it is enough that both individuals are present in a zone for 1 minute for an
edge to be formed between them.

To further clarify the thresholds used in the present metrics, we started with a base threshold
of 1 minute, mcd = 1, and varied it with in increments of 60, which corresponds to 1 hour in a
day, until we reached mcd = 1440, which corresponds to 24 hours. For instance, if mcd = 60, two
individuals needed to be in the same zone for at least 1 hour for an edge to be formed between
them. These different thresholds allowed us to analyze the network structure and behavior for
different levels of contact duration.

3.1 Average Degree
The degree distribution of the graphs generated by the different values of mcd provides a

visualization of how the connections between individuals behave. As seen in Figure 1, increasing
the value of mcd leads to a decay in the average degree. This is expected since a higher minimum
contact duration means that fewer edges will be present in the network.
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Figure 1: Average degree for a series of threshold values ranging from mcd = 1 to mcd = 1440,
with increments of 60. Each point represents the average degree < k > of a graph generated with
the corresponding threshold value.

3.2 Average Clustering Coefficient
Figure 2 illustrates the mean clustering coefficient < C > for varying mcd. It is observed that

as the threshold mcd increases, the mean clustering coefficient < C > tends to increase to a certain
extent, indicating that the network has a tendency to form clusters or groups.

This trend reaches its peak at mcd = 660, where the average clustering coefficient of the
graph reaches its highest value. However, after this point, the mean clustering coefficient starts to
decrease and eventually reaches a value of zero at mcd = 1440, which corresponds to 24 hours.

Furthermore, the interval between mcd = 600 and mcd = 720 indicates that the network
contains many clusters or tightly interconnected groups. This range could be of particular interest
for future research, as it provides a basis for more detailed investigation into the nature and
characteristics of these clusters.

4 Conclusions
Working with mobility networks can be challenging due to their complexity and the high com-

putational costs associated with generating and analyzing results. Moreover, obtaining and ma-
nipulating data for these networks can pose a significant obstacle to replicating the study in other
regions.

Our research aims to gain a deeper understanding of the structure of complex networks that
represent the relationships between people based on their contact over time. To achieve this, we
used metrics such as average degrees and clustering coefficient, and examined graphs with varying
minimum contact duration.

As we increased the threshold mcd, we observed a decrease in the average degree of the network.
However, analyzing the behavior of the average clustering coefficient is crucial to understanding
the variance and peak observed in the graph, taking into account the weighted calculation thereof.
Further investigation within this interval can shed light on the factors that influence this variation.

The peak observed in the graph may indicate the presence of tightly interconnected groups or
clusters in the network. Therefore, we plan to conduct more extensive research within this interval
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Figure 2: Average clustering coefficient for a series of threshold values ranging from mcd = 1 to
mcd = 1440, with increments of 60. Each point represents the average clustering coefficient < C >
of a graph generated with the corresponding threshold value.

to better understand the structure and characteristics of these clusters, and how they relate to the
behavior of the average clustering coefficient.
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