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Given a nontrivial positive measure ¢ (i.e., a Borel measure with infinite support), we say that
{Pn(z)}22, is the sequence of monic orthogonal polynomials on the real line (MOPRL, in short)
associated with ¢, if P,,(z) is a monic polynomial of degree n satisfying

/ 2 Po(2)dp(2) = S jpmy 0<j <, (1)
R

where d,, ; is the Kronecker delta and p,, # 0 for n > 0.
It is well known (see [1] and [2]) that the polynomials P,(z), n > 0, satisfy the three-term
recurrence relation

Pn+1(x) = (x - 65+1)Pn(33) - a;‘f+1pn_1(x), n2>1, (2)
with Py(z) =1 and Py (z) = 2 — 5{. Moreover, the coefficients in (2) can be given as follows

o JprPi_i(z)dp(z) o JuPAx)do(x)
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We say that the nontrivial positive measure ¢ is symmetric when the following identity holds

de(x) = —dp(—x), z€eR. (4)

In this case, it is well known that the coefficients 5¢,n > 1, are equal to zero, and therefore, the
MOPRL associated with ¢ only depends on ) 41, 7 > 1. Another well known result is that, when
supp(p) C [—1,1], the sequence {oy, ,}7° is a positive chain sequence.

Following [3], a sequence {a,}52 , is a positive chain sequence if there exists another sequence,
say {gn 22, with 0 < go < 1, and 0 < g, < 1,n > 1, such that

an = (1 - gn—l)gn, n>1.

The sequence {g, }52 is called a parameter sequence for {a,, }5 ;. The minimal parameter sequence
{mn 52, for {a,}52, is the one that satisfy mg = 0. On the other hand, the maximal parameter
sequence {M,}22 is the one that satisfy g, < M,,n > 0, for any parameter sequence {gn }5,.
In the last years, positive chain sequences have been also applied to the study of orthogonal
polynomials on the unit circle and corresponding nontrivial measures. As an example, we can cite

[4] and [5].
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In the present study, we initially consider a symmetric nontrivial positive measure for which the
associated sequence {a) | }7°, that appears in (2) is a nonsingle positive parameter chain sequence.
It means that its minimal parameter sequence differs from its maximal parameter sequence.

Then, the maximal parameter sequence {M,, }52 for {a, ,}22 is such that

af =1 -M,_)M,, n>1,

n—1 no

with Mg > 0.

In this work we analyze the behaviour of the nontrivial positive measure ¢ for which the
associated orthogonal polynomials {P, ()}, are such that the coefficients in the three-term
recurrence relation satisfy

Oé'f+1 = (1 - 92—1)92a n > 1a (5)
with
g;n =1- M;n and g;n+1 = M;n+17 n > 0. (6)

We show that ¢ and ¢ are connected by the following identity

dp(x) = (””2_1)61@(\/1—952), € [=1,00U(0,1]. (7)

x|zl

Moreover, it is shown that the mass of ¢ at £ = 0 is equal to zero. Thus, if the measure ¢ is
known, the relation (7) provides the complete information regarding .

As a consequence, from (5), (6) and (7), we get a procedure to generate new examples of
symmetric orthogonal polynomials on the real line with coefficients explicitly given.

Finally, we provide conditions in order to guarantee that the new parameter sequence {g?}%°
(generated from {M#}° ) will also be the maximal parameter sequence for {a? 1100 Namely,
it is possible to show that {g#}22, is the maximal parameter sequence for {a? 10l if and only
if ¢ has no mass at = 0.
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