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The main idea of this work is to present some results of [1] about an asymptotic behavior of
non-negative bounded solutions to the initial value problem

ut + (b(x, t)uk+1)x = µ(t)uxx ∀x ∈ R, t > 0,

u(·, 0) = u0 ∈ L1(R) ∩ L∞(R), (1)

for arbitrary continuously differentiable advection fields b satisfying

b(·, t) ∈ L∞
loc([0,∞), L∞(R)) ∀x ∈ R, t ≥ 0; (2)∣∣∣∣∂b(x, t)∂x

∣∣∣∣ < B(t) ∀x ∈ R, t ≥ 0, (3)

for some B ∈ C0([0,∞)), µ(t) ∈ C0([0,∞)) positive and k ≥ 0 constant.
Here, by a (bounded) solution of problem (1) in some time interval [0, T∗), we mean any function

u ∈ C0([0, T∗), L
1

(R))∩L∞
loc([0, T∗), L

∞(R)) satisfying the equation of problem (1) and converging to u0 in the sense
L1
loc when t → 0. For results on local (in time) existence of such solutions see [2] and [3], Ch. 7.

It is also known that the solutions are unique, as can be shown using comparison principles, (see
[4], Theorem 2.1).

The aim of the article [1] is to investigate for which values of k it is possible to guarantee the
global existence of solutions to the problem (1). For this purpose, knowing that solutions can
be extended to broader intervals of existence as long as they remain limited, it is important to
examine the behavior of high norms in the [0, T∗), in particular, the L∞-norm.

In this way, we are going to present the main ideas of the proof of the following theorem:

Theorem 0.1. Let q̄ ≥ 1, 0 ≤ t0 < t < T∗ and 0 ≤ k < 2q̄ in (1). Then

∥u(·, t)∥L∞(R) ≤ U∞(t0; t) ≤ q̄
1

2q̄−k max
{
∥u(·, t0)∥L∞(R);Bµ(t0; t)

1
2q̄−kUq̄(t0; t)

2q̄
2q̄−k

}
, (4)

where Uq̄(t0; t), Bµ(t0; t) is defined by

Uq(t0; t) := sup{∥u(·, τ)∥Lq(R); t0 ≤ τ ≤ t}, (5)
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Bµ(t0; t) := sup

{
B(τ)

µ(τ)
; t0 ≤ τ ≤ t

}
, (6)

and

J(q) ≡ J(q, k,K) := K
2
q

(
q2

4(q + k)

) 1
2(q−k)

, (7)

In particular, if we take t0 = 0 e q̄ = 1 in Theorem 0.1, by mass conservation, we have the next
corollary.

Corollary 0.1. Let u ∈ C0([0, T∗), L
1(R))∩L∞

loc([0, T∗), L
∞(R)) be any given non-negative solution

to problem (1) under hypotheses (2), (3). Then, u(·, t) is globally defined (T∗ = ∞) and satisfies

∥u(·, t)∥L∞(R) ≤ max

{
∥u0∥L∞(R);Bµ(0; t)

1
2−k ∥u0∥

2
2−k

L1(R)

}
, (8)

for all t > 0 and 0 ≤ k < 2.

With this results, we are able to derive an estimate for the limit lim sup
t→∞

∥u(·, t)∥L∞(∖) in order

to show that problem (1) has global solution for some values of k. That is, we are able to prove
the following theorem:

Theorem 0.2. Let q̄ ≥ 1, 0 ≤ k < 2q̄ and Bµ, Uq̄ as defined above,

lim sup
t→∞

∥u(·, t)∥L∞(R) ≤ C
1
q̄
∞q̄

1
2q̄−kB

1
2q̄−k
µ U

2q̄
2q̄−k

q̄ , (9)

where C∞ is a constant and

Bµ := lim
n→∞

Bµ(t
n
0 ;∞) = lim sup

t→∞

B(t)

µ(t)
, Uq̄ := lim

n→∞
Uq̄(t

n
0 ;∞) = lim sup

t→∞
∥u(·, t)∥Lq̄ ; (10)

In particular, in the important case q̄ = 1 considered above, from mass conservation, the
following corollary is obtained.

Corollary 0.2. Let 0 ≤ k < 2 and Bµ as defined above,

lim sup ∥u(·, t)∥L∞(R) ≤ C∞B
1

2−k
µ ∥u0∥

2
2−k

L1(R), (11)

where C∞ is a constant.

In this case, u(·, t) has a uniform limitation for all time t > 0.
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