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ABSTRACT

Since the degrees of certainty of fuzzy connectives are only approximately defined, it is reasonable
to study the robustness of corresponding operator based on the sensitive to small changes in the inputs
of such logical operation [3, 6, 7]. As the main contribution, the study of the pointwise sensitive of f -
X(N)or class [2] is introduced, restricted here to the fuzzy connective ETP,S P,NS and corresponding fuzzy
f -Xor implication ETP,S P,NS . The endpoints of U = [0, 1] are considered faced on the antitonicity of
f -X(N)or class.

A function E(D) : U2 → U is a fuzzy exclusive or (Xor) (fuzzy exclusive nor (XNor)) if it satisfies
the following properties, for all x, y ∈ U:

E0: E(1, 1) = E(0, 0)=0 and E(1, 0)=1; D0: D(1, 1) = D(0, 0)=1 and D(0, 1)=0;
E1: E(x, y) = E(y, x); D1: D(x, y) = D(y, x);

E2(i): If x ≤ y then E(0, x) ≤ E(0, y); D2(i): If x ≤ y then D(0, x) ≥ D(0, y);
E2(ii): If x ≤ y then E(1, x) ≥ E(1, y). D2(ii): If x ≤ y then D(1, x) ≤ D(y, 1).

Let T , S and N be a t-norm, a t-conorm and a fuzzy negation, respectively. By [1, Prop. 3.4], the
function ET,S ,N(DS ,T,N) : U2 → U defined as

ET,S ,N(x, y) = T (S (x, y),N(T (x, y)));
(
DS ,T,N(x, y) = S (T (x, y),N(S (x, y)))

)
. (1)

is a fuzzy f -Xor connective. Moreover, by a function IET,S ,N ,T,N(JDS ,T,N ,S ,N) : U2 → U, called a fuzzy
f -Xor-(co)implication, is given by

IET,S ,N ,T,N(x, y) = ET,S ,N(x,N(T (x, y))); JD,S ,N(x, y) = DS ,T,N(x,N(S (x, y))). (2)

Proposition 1. Consider NS : U → U, NS (x) = 1 − x, S P,TP : U2 → U, S (x, y) = x + y − xy and
T (x, y) = xy. The fuzzy f -Xor ETP,S P,NS and related f -Xor implication IETP ,S P ,NS ,TP,NS are given as

ETP,S P,NS (x, y) = x + y − xy − x2y − xy2 + x2y2 and IETP ,S P ,NS ,TP,NS (x, y) = (1 − xy + x2y)(1 − x + x2y). (3)

By [6, 8], the main results of a δ sensitivity of f at point x (or a pointwise sensitivity) on U, referred
as ∆ f (x, δ) and related to the fuzzy f -Xor connective is discussed. For that, based on [6, Theorem 1],
consider f : U2 → U, δ ∈ U and x = (x, y) ∈ U2.
(i) If f is an monotone function, which means, x ≤ x′, y ≤ y′ ⇒ f (x, y) ≤ f (x′, y′) then

∆ f (x, δ) = [ f (x) − f ((x − δ) ∨ 0, (y − δ) ∨ 0)] ∨ [ f ((x + δ) ∧ 1), (y + δ) ∧ 1) − f (x)] (4)

(ii) If f : U → U be a reverse order function, such that x ≤ y⇒ f (x) ≥ f (y), then

∆ f (x, δ) = [ f (x) − f (x + δ) ∧ 1)] ∨ [ f ((x − δ) ∨ 0) − f (x)]. (5)

(iii) If f verifies both properties, 1−place antitonicity and 2−place isotonicity, then it holds that

∆ f (x, δ) = [ f (x) − f ((x + δ) ∧ 1, (y − δ) ∨ 0)] ∨ [ f ((x − δ) ∨ 0), (y + δ) ∧ 1) − f (x)] (6)

Proceeding Series of the Brazilian Society of Applied and Computational Mathematics, Vol. 3, N. 1, 2015.
Trabalho apresentado no XXXV CNMAC, Natal-RN, 2014.

DOI: 10.5540/03.2015.003.01.0100 010100-1 © 2015 SBMAC

http://dx.doi.org/10.5540/03.2015.003.01.0100


Based on the monotonicity of S P and TP, it holds that:

∆S P((0, 0), δ) = 2δ − δ2 = ∆TP((1, 1), δ);∆S P((1, 1), δ) = δ2 = ∆TP((0, 0), δ);

∆S P((0, 1), δ) = δ = ∆TP((1, 0)δ); ∆S P((1, 0), δ) = δ = ∆TP((0, 1), δ).

The δ sensitivity of ES P,TP,NS at point x is presented in the following proposition.

Proposition 2. Consider ∆ES P ,TP ,NS
: U2 → U and δ ∈ U. Then it holds that:

If x = (0, 0) then ∆ES P ,TP ,NS
(x, δ) = ∆S P(x, δ) − ∆TP(x, δ);

If x = (1, 1) then ∆ES P ,TP ,NS
(x, δ) = ∆S P(x, δ) + ∆TP(x, δ).

Proposition 3. Consider IETP ,S P ,NS ,TP,NS : U2 → U and δ ∈ U. Then it holds that:

If x = (0, 0) then ∆IETP ,S P ,NS
,TP ,NS

(x, δ) = δ ∨ 0 = δ;

If x = (1, 1) then ∆IETP ,S P ,NS
,TP ,NS

(x, δ) = δ ∨ ((1 − δ + δ2)2 − 1) = δ;

If x = (0, 1) then ∆IETP ,S P ,NS
,TP ,NS

(x, δ) = δ ∨ 0 = δ;

If x = (1, 0) then ∆IETP ,S P ,NS
,TP ,NS

(x, δ) = δ ∨ 0 = δ2(1 + (1 − δ)2)2.

The main contribution of this paper is concerned with the study of robustness on representable fuzzy
X(N)or operators mainly used in fuzzy reasoning based on the product t-norm, the probabilistic sum and
standard negation. Taking the class of Xor-implications ETP,S P,NS , the paper states the sensitivity of the
IETP ,S P ,NS ,TP,NS fuzzy connective at the endpoints of U. The work of estimating its sensitivity to small
changes is related to reducing sensitivity in the corresponding fuzzy connectives.

Our current investigation clearly aims the extension of the robustness studies to other main classes
of (co)implications: S-(co)implications, R-(co)implications [4] and QL-(co)implications.
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[4] M. Baczyński, Residual implications revisited - Notes on the Smets-Magrez, Fuzzy Sets and Sys-
tems 145 (2004) 267–277.
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