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Let us consider P = {P,(z)}»>0 a sequence of orthogonal polynomials with respect to w(z) =
e (@) on an interval [a,b]. We assume that v is real and differentiable in (a,b), and all moments
of the weight exist. We will also consider {p,(z) = v,2™ + ... + v12 + 70} be the sequence of
orthonormal polynomials obtained from P.

The concept of orthogonal polynomials has been an important tool in the analysis of a large vari-
ety of problems in mathematics and engineering, like moment problems and numerical quadrature,
for example. Afterward, many other concepts related to orthogonal polynomials were proposed, as
quasi-orthogonal polynomials [3, 4, 7, 8], among others.

An important property in the theory of orthogonal polynomials is that the polynomials in the
orthonormal sequence {p, ()}, satisfy a three-term recurrence relation of the form

xpn(x) = an+1p7L+1(33) + anpn(x) + anpn—l(aj)a n =1, (1)
with initial conditions po(z) = 7o, p1(z) = y1(z — ap), where

b
anp = / 2Pn (2)pr—1(x)w(x)de = b,n >1,
a Tn

b
oy = /xpi(m)w(x)dm,nzo.

In this work, our focus is dealing with the quasi-orthogonal polynomials. So, let R, be a
polynomial of exact degree n > r. If R, satisfies the conditions

b
k =0, fork=0,....,n—1—7r
/aan(x)w(x)dx{ 20, for k—m—p (2)

where w is a positive weight function on [a, b], then R,, is quasi—orthogonal of order r on [a, b] with
respect to w.

In [3] we can find a more general definition of quasi-orthogonality, where the following result is
considered:

Theorem 1. Let {P,(x)}n>0 be the sequence of orthogonal polynomials on [a,b] with respect to a
positive weight function w(z). A necessary and sufficient condition for a polynomial R, of degree
n to be quasi-orthogonal of order r on [a,b] with respect to w is that

Rn(l‘) = Cn,OPn(x) + Cn,IPn—l(m) + 4+ CmrPn—r(x)a

where ¢, ;, 1 =0,...,7, are numbers which can depend on n and c, ocp » # 0.
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Without loss of generality, let us consider
Rn(x) = pn(:E) + cn,lpnfl(x) + -+ Cn,rpnfr(x)-

The concept of quasi-orthogonality seems to have been introduced by Riesz [7], for r = 1. Féjer
[4] considered the case r = 2 and the general case was first studied by Shohat [8]. Furthermore,
there are many problems involving linear combinations of orthogonal polynomials, as mentioned
in [5], and many authors studied this topic as [1, 2], for example.

Chihara [3] shows that the quasi-orthogonal polynomials R,, satisfy a three-term recurrence
relation of the form

An-ﬁ-l(x)Rn-‘rl + Bn-f—l(x)Rn(x) + Cn-‘rl(x)Rn—l(I) = 07 n 2 1; (3)

where A, (z), B,(x) and C,(x) are polynomials in z.
Forr =1,i.e., Ry(x) = pn(z)+cp1pn—1(x), the authors in [6] show that the recurrence relation
(3) is the form

Ant1(@) Bnt1 () = [rn(@)ln-1(x) = cne1,100ln ()] Ri(2) — an—1ln () Rn-1(2), (4)

where r,(x) = & — o, + cpt1,10n+1 and 1, (x) = cp 170 (x) + an. Furthermore, they derive differ-
ence and differential equations satisfied by R,(z) from this relation, while also analyzing the
orthogonality of quasi-orthogonal polynomials.

Inspired by the investigations outlined in [6], we derive a three-term recurrence relation for
the quasi-orthogonal polynomials when 7 = 2. We apply these polynomials in contexts involving
differential equations and the orthogonality of R, (z).

References

[1] M. Alfaro, F. Marcellan, A. Pena, and M. L. Rezola. “When do linear combinations of or-
thogonal polynomials yield new sequences of orthogonal polynomials?” In: J. of Comp. and
App. Math. 233 (2010), pp. 1446-1452.

[2] C. Brezinsky, K. A. Driver, and M. Redivo—Zaglia. “Quasi-orthogonality with applications to
some families of classical orthogonal polynomials”. In: App. Num. Math. 48 (2004), pp. 157
168.

[3] T.S. Chihara. “On quasi-orthogonal polynomials”. In: Proc. Amer. Math. Soc. 8 (1957),
pp. 765-767.

[4] L. Féjer. “Mechanische Quadraturen mit positiven Cotesschen Zahlen”. In: Math. Z. 37
(1933), pp. 287-309.

[5] Z. Grinshpun. “Special linear combinations of orthogonal polynomials”. In: J. Math. Anal.
Appl. 299 (2004), pp. 1-18.

[6] M. E. H Ismail and X-S. Wang. “On quasi—orthogonal polynomials: Their differential equa-
tions, discriminants and electrostatics”. In: J. of Math. Anal. and Appl. 474 (2019),
pp. 1178-1197.

[7] M. Riesz. “Sur le probléme des moments”. In: Troisiétme Note, Ark. Mat. Fys. 17 (1923),
pp. 1-52.

[8] J. A. Shohat. “On mechanical quadratures, in particular, with positive coefficients”. In: Trans.
Amer. Math. Soc. 42 (1937), pp. 461-496.

010279-2 © 2025 SBMAC



