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Last year, Brazil’s Anvisa approved immunotherapy using CAR-T cells, a groundbreaking on-
cological treatment. It involves extracting T lymphocytes from the patient, genetically modifying
them to target the tumor’s specific antigen (Ag), and expanding them in culture. Upon reintroduc-
tion into the patient, these cells effectively identify and eliminate cancer cells expressing the target
antigen. It shows remarkable and promising outcomes in hematological cancers, often achieving
complete remission. However, a significant number of patients encounter relapse within approxi-
mately one year post-treatment despite initial success. Relapses in CAR-T cell therapy manifest
in two forms: Ag-positive and Ag-negative. Ag-positive relapse indicates persistent target Ag
expression in cancer cells, suggesting CAR-T cell dysfunction or inadequate dosage. Conversely,
Ag-negative relapse occurs when tumor cells significant decrease target Ag expression, evading
therapy entirely. This may arise from tumor microenvironment heterogeneity, genetic mutations,
or temporary antigen loss induced by therapy’s immunological pressure [4]. In this work, we pro-
pose an integro-differential equation model that builds upon prior models, outlined in [2, 3, 5],
aiming to investigate various mechanisms contributing to the occurrence of Ag-negative relapse.

Our model describes the interactions between tumor cells T (x, t) and effector CT (t) and memory
CM (t) CAR-T cells, where t and x ∈ [0, 1] represent time and the level of expression of the
target Ag, respectively. A threshold at x̄ exists below which CAR-T cells cannot identify tumor
cells, leading us to categorize cells as follows: sensitive cells TS(t) =

∫ 1

x̄
T (x, t) dx, resistant cells

TR(t) =
∫ x̄

0
T (x, t) dx, and total tumor cells: TT = TS(t) + TR(t). Using the equations modeling

the dynamics of CT (t) and CM (t) established in [3], our model is given by the the following system
of equations:

∂T (x, t)

∂t
= r̄(1−Θ(x)) T (x, t)− γ(x) f(CT (t), TS(t)) T (x, t) + r̄

∫ 1

0

Θ(y)M(y, x)T (y, t) dy , (1)

dCT (t)

dt
= κ(t)

[
TS(t)

A+ TS(t)

]
CT (t)− µCT (t)− ϵCT (t) + θCM (t)TS(t)− αCT (t)TT (t) , (2)

dCM (t)

dt
= ϵCT (t)− θCM (t)TS(t)− µMCM (t). (3)

The main new features of our model are as follows. The density-dependent division rate of tumor

cells is given by r̄ = r

(
1− TT

K

)(
1− P +Q

TT +Q

)
, incorporating both strong and weak Allee effects.

Here, r represents the maximum growth rate, K denotes the carrying capacity, and parameters P
and Q delineate the type of Allee effect [1].

During division, tumor cells may undergo mutations, with the corresponding fraction of cells
expressing antigen level x denoted by Θ(x) ∈ [0, 1]. Thus, the fraction of cells undergoing faithful
division is represented by (1−Θ(x)). The mutation kernel is represented by the probability density

function M(y, x) =
1

ε
√
2π

exp

(
− (y − x)2

2ε2

)
that expresses how mutation occurs from cells with
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antigen expression levels y to those with level x, where y > x. This condition specifically accounts
for antigen-loss mutation-driven mechanisms. For a given y, M(y, x) ≈ 0 outside the range between
x and x+ ε, where 0 < ε ≪ 1. Thus we can slow down or accelerate the loss of antigen expression
by tuning ε. Through the mutation kernel, we allow the tumor cell population to not only acquire
resistance but to present heterogeneity on antigen expression levels.

Effector CAR-T cells kill sensitive tumor cells depending on the level of antigen expression
and the antigen burden. To capture this mechanism, we define the cytotoxic rate as the increas-

ing function γ(x) and the Hill function f(CT , TS) =
CT /TS

d+ (CT /TS)
. When x < x̄, γ(x) is very

small, representing the killing rate attributed to bystander effects from endogeneous antitumor T
lymphocytes and other pro-inflammatory molecules. The saturation function f(CT , TS) expresses
the accessibility of effector CAR-T cells to each sensitive tumor cell. For details regarding the
equations governing CT (t) and CM (t), please refer to [3]. These equations encompass mechanisms
involving Ag-modulated patient-specific expansion at a rate κ(t)

[
TS(t)

A+TS(t)

]
, the transition between

effector and memory CAR-T cells depending on coefficients ϵ and θ, immunosupression by tumor
cells scaled by α, and natural mortality given by rates µ and µM .

This research is a work in progress. We are currently in the process of implementing the
model using the Generalized Collocation method for discretizing the tumor cell population equation
(1). After partitioning the antigen expression “space” domain [0, 1] into N collocation points, the
dependent variable T (x, t) is interpolated as a linear combination of Sinc basis functions defined
in each collocation point [2]. In this way, the initial-boundary value problem is transformed into
a system of N ordinary differential equations. This system of equations together with equations
(2)-(3) are then solved using the fourth-order Runge-Kutta method.

Our core hypothesis is that both the Allee and bystander effects will have a direct impact on
the type of therapy relapse, specifically on those that are Ag-negative. We anticipate that the
findings from this study will enhance our comprehension of therapy failures and provide valuable
insights into preventive strategies, thereby enhancing the efficacy of CAR-T cell immunotherapy.
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