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Abstract— In this work we will showing that it is possible to choose the dimension of the phase plane of an autonomous Ordi-
nary Differential Equation (ODE) when we consider fractional derivatives through a system of Fractional Ordinary Differential
Equation (FODE) .This affects the classical structure of the switching-locus in the phase space of the system.
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1 Introduction

Nowadays we have in the literature a huge amount of
results having as object the Fractional Ordinary Dif-
ferential Equations (FODE). This is due mainly be-
cause the fractional equations turns possible the
consideration of a more complex structure than the
classical one (with integer order derivatives) allow-
ing in this way a more accurate point of view in the
applications. This aspect can be seen in Benson
(2000), Caputo (1967), Nasholm (2013) and Chen
(2010).

Due to the novelty of the field we have always
present- when developing arguments on FODE- the
necessity in to be comparing results with the ones
coming from the classical field of the ODE.

Our work is inserted in this point of view.

We are proposing here a new substitution of var-
iables in a OD transforming in this way the ODE in a
general FODE .We study as one example- with the
purpose in to be demonstrating the method-the phase
portrait concerning the classical example in control
theory of the transference of a rocket car from an
initial position and velocity to the total rest in mini-
mal time by means of bounded controls.

2 Fractional derivative

In fractional calculus we have several definitions for
the calculation of the fractional order derivative for a
real function. The two most commonly used are the
Liouville-Riemann or the Caputo notions of fraction-
al derivative. The Caputo fractional derivative has
been used with better results in FODE because dif-
ferently from other definitions of fractional deriva-
tive, it permits to take the initial conditions in the
equation in the same manner as for ODE. This can be
seen in Rida (2011).

We use throughout this paper as definition of
fractional order derivative the Caputo one:

Definition 1: Let be
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x:RoRand m—1<a<m,
meN

We say that the fractional derivative of
x(t),(t>0)

in the sense of Caputo is:

1

a —
D%x(t) = P

fot(t — )M ety (s)ds

where I' is the symbol for the usual gamma function.
According to the definition above we have:
the class

{D%; a > 0}

obeys the semi-group property

D*(DFx) = D*Fx

Further, if
x(t) =t", neN
then
'n+1
Dx(®) = F(n(— a +)1) o
and if
x(t) = constant
then

D% (t) =0

In the next section we introduce the problem
which will be the support for the exhibition of our
results.
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3 The rocket car. The classical ODE case

The rocket car problem as known in the literature on
controlled ODE consists in to take an object with
unitary mass subjected to a force F bounded by the
constraint

|[F(t)] < 1.

The movement obeys the second order equation
with X; R—R,

X =F(t)
If we use

(x(@®),y(®)

the position and velocity ,in the vector state coordi-
nates [ with value

(%0, ¥o)
at
t=0,]
We get the equivalent in the plane:
x=y()
y=F(@)

The control problem consists in to drive the car from
the position

(0, ¥o)
to
0,0)
in minimal time along the
¥ =F()
orbits.

According to the bang-bang principle - see
Macki (1989) -we know that if there is a force F
performing such transference, then there exists a
mapping F, which realizes the transference in mini-
mal time and F, satisfies

|Fo(®] =1
Moreover Fypresents at most one jump from the
value 1 to the value -1 (or vice versa).In this way we

have two essential systems in the plane when consid-
ering this kind of transference:
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x=y@),y=1
and
x=y(t),y=—-1L

In a very simple way we have for the two sys-
tems, respectively:

y)=t+c,

£2
x(t) =7+ct+d

And

y®)=t+c,

2

t
x(t) =—7+ct+d.

In this way we are able in to find the following
relation between x andy in the phase plane

y(t)? —y§ = 2(x(t) — x,)
and

y(©)? = yi = —2(x(t) — xo).

Having these two relations in mind we can easi-
ly determine in the phase plane for

X=F(),
the strategy used to be driving
(xO' yO) to (0!0)

Call ¢, (respectively: ¢_) the curve (an orbit in
fact)

y(t)? = 2x(t)
of the first system in the region
x=>0y<0

(respectively :
y()? = —2x(t)

of the second system in the region x < 0,y = 0).
The curve
= 9_VUp,
splits the plane (x,y) in two parts and (0,0) € ¢ .If
(x0, Vo) is on the superior part with relation to ¢ we

must apply the control -1 and drive the point accord-
ing the second system until to reach the orbit ¢, and
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finally reach (0,0) by using the first system (con-
trolled by 1).If by other hand, (x,, v,) is on the infe-
rior part then we act in a symmetric manner.

4 Transforming the ODE in a general FODE

As a general task, the equation ¥ = F(t), could be
spliced in

D*(D*%) = F(t)
with
0<ac<l

Then by constructing the correspondent systems as
above, in the present case we get the systems named
here (O+) and (O-): the (O+) is

D*%x =yD% =1,
and the (O-) one is:

D*%x =y ,D% = —1.

According the Caputo derivative we have in
(O+):

ta

+c,x(t) = At> + Bt*+C

y(t) = I'(1+a)

showing in this way that for each 0 < a < 1 we will
get another geometric configurations in the phase
portrait when solving the problem of the rocket car as
stated above.

5 Increasing the dimension in the rocket car
problem

The fractional derivatives open a possibility that we
do not have in the case in which we are using the
integer derivatives. By using fractional derivatives
we can increase the dimension in the decomposition
of an autonomous ODE. Consider the case of the
rocket car, again.

If we are using only integer derivatives, the equation

Dx=%=1

can be decomposed into lower order derivatives in
this way only

D'(D'x) = 1.
However, if we are making use of general fractional

derivatives we can decompose the rocket car equati-
on n times in another way

010051-3

D*p% . . D%x =1,
with

a;+a; +--+a, =2.
A little bit calculation shows that we get

x = Alt@?:l a) 4 Azt(2?=z a) 4 A3t(2?=3 a) 4 ...
+A,t"+ A

where A; and A are constants determined in the com-
putation of the Caputo derivative for a polynomial.
Making

Dx = x,_q,
Dan_lxn—l = Xp—2,
D%x, = x,
D%x, =1,
we have a n dimensional system, equivalent to
D'(D'x) = 1.

This kind of division enable us to make changes
in the usual geometry in the synthesis of the swit-
ching-locus for the minimal time control when we
drive the rocket car from a state to the origin.

6 Contribution of this article

Along with the possibility in to be choosing the di-
mension of the phase plane of an autonomous Ordi-
nary Differential Equation (ODE) when we consider
fractional derivatives in a system of Fractional Ordi-
nary Differential Equation (FODE) we are having the
opportunity in to be transforming the usual geometry
of the switching-locus design in the phase-plane in
another one. This affects the procedure in to be tak-
ing decisions on the optimality when we need to be
applying a sequence of controls.

Notice that all these aspects are being discussed in a
work in preparation by the authors, see Barbanti
(2013).
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