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Abstract. The aim of this work is to construct Lyapunov functions to extend the global stability
results of a Leslie-Gower reaction-diffusion model in a bounded domain 2 € R"™, with no-flux
boundary condition. We extended the global stability results to other parameter regions of the
reaction-diffusion model using these Lyapunov functions.
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1 Introduction

In 1948 and 1960, Leslie and Gower proposed a model that considers the response of the
predator to the prey density by considering the environmental carrying capacity proportional to
prey abundance [3], [4]. By scaling, the model is the following one:

du

pri u(A — au — PBv),

dv v

= (=) W)

The spatial dynamic associated with this model was studied in several works [1], [2], [5], [7]. The
reaction-diffusion model with diffusion of both species is the following:

%:dlAquu()\fauva), reQt>0
Ov v
afdgAv+uv(lfa), xet>0
ou Ov

u(z,0) = up(z) > 0,v(x,0) = vo(z) > 0, x €

where Q2 C R" is a bounded domain with smooth boundary 92, v is the outward unit normal
vector on JN) and dy, do are the positive diffusion coefficients of the prey and predator populations,
respectively.

The system (2) has a unique constant positive equilibrium (u*, v*):

(u*,v*) = (aiﬁaiﬂ) . (3)
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The equilibrium (3) is globally asymptotically stable for the ordinary differential system (1),
when all parameters are positive. However, the global asymptotical stability of this equilibrium
for the associated reaction diffusion system (2), it is only a conjecture. By constructing a Lya-
punov function, Du and Hsu [1] and Hsu [2] proved that for a > f, the equilibrium is globally
asymptotically stable.

Theorem 1.1. (Du-Hsu) Suppose a > 3, then (u*,v*) is globally asymptotically stable for system
(2) in the sense that every positive solution satisfies

lim (u(x,t),v(z,t)) = (u*,v")

t— o0
uniformly on Q.

Nevertheless, when o < 3, it is an open question. In this case, some results were obtained in
several works, such as Du and Hsu [1], Hsu [2]. The following Theorem was established in the work
of Du an Hsu [1]:

Theorem 1.2. (Du-Hsu) Suppose a/8 > s € (
three-degree polynomial h(s) = 32s® + +165% — s —
stable for system (2).

) where sq is the unique positive root of the

11
455
1, s € R, then (u*,v*) is globally asymptotically

We modify the Lyapunov function proposed by Du and Hsu to obtain a new one and extend
these results to the following Theorem:

Theorem 1.3. Suppose di = ds = d for some constant d > 0, and A, i, ., B are positive constant.

2
If% > b <1 + ﬂ) <5 — 1), then (u*,v*) is globally asymptotically stable for the system (2).
« @

a
A generalization of the Leslie-Gower model was proposed by Qi-Zhou [5], considering a more
general reaction term. The model is the following:

ou

a:dlAquu()\faua—ﬂv), reQt>0
Ov v
afdgAv+uv(le), zet>0
ou Ov

u(z,0) = up(z) > 0,v(x,0) = vo(z) > 0, x €§)

where the new parameter is the positive constant o, which measures intraspecific competition
among prey and the effect on predator carrying capacity. In preys, a modified logistic growth
u(A — au?) is considered. In predators, the logistic growth with modified carrying capacity is

v
pv(1 — —). The system (4) has a unique constant positive equilibrium (u*,v*):
u

(u*,0%) = ((aiﬂ)(l/a),aiﬁ) (5)

Qi and Zhu [5], combining the transformation technique and comparison principle, proved the
following result:

Theorem 1.4. (Qi-Zhu) Suppose di = do > 0,0 < 0 < 1, and A\, u, o, B are positive constants.
Then, (u*,v*) is globally asymptotically stable zf% > ag.
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Zhou and Wei [7], by the transformation technique and Lyapunov function method, extend the
result to the following:

Theorem 1.5. (Zhou-Wei) Suppose A, i, a, 8 are positive constants. Then, (u*,v*) is globally
asymptotically stable if o > g.

and
Theorem 1.6. (Zhou-Wei) Suppose dy = ds =d > 0,0 > 1, and A\, i, v, B are positive constants.

Then, (u*,v*) is globally asymptotically stable if% > (1+ a)% —1.

We extend the parameter region of global stability for the model by constructing a new Lya-
punov function. Our method is based on the construction of the Lyapunov function by modifying
a previous one. We establish the following Theorem:

Theorem 1.7. Suppose di = dy = d for some constant d > 0, 0 > 1, and A, u, «, B are positive
2
constant. If % > p <1 + 6) (ﬁ — a), then (u*,v*) is globally asymptotically stable for the
! e’

a
system (4).

The current work is organized as follows. In Section 2, we extend the global stability results
obtained by Du and Hsu [1], Hsu [2], for the Leslie-Gower model. We extend the global stability
results for the generalized Leslie-Gower model in Section 3. Finally, our conclusions are given in
Section 4.

2 Global Stability of the Leslie-Gower Model

Let u = (u,us,...,u,)T a non-negative vector of concentrations and the system of ordinary
differential equations

du
b 6
W ), (©
where f: R? — R™ is a C! function, f(u) = (fi(u),..., fa(w))?.
Let © ¢ RY a bounded domain with smooth boundary 02, and v is the outward unit normal
vector on 0f). The ODE system (6) is the corresponding reaction term of a reaction-diffusion
system given by

ou

E:DAu—i—f(u), reQt>0
ou
7 Q,t
oy 0, x €90 t>0 (7)
u(z,0) = up(z) r e
where D is a diagonal matrix with nonnegative entries, D = diag(dy,...,d,), d; > 0,i=1,...,n,

r€QCRN te[0,00). Let V:GC R? — R a Lyapunov function on a open subset G
and u* € R’} the equilibrium of the system (6). This Lyapunov function V(u) for the ODE
system (6) allows us to introduce a Lyapunov functional as in Hsu [2], Redheffer et al. [6] for the
reaction-diffusion system (7).

E(t):/QV(u(x,t))dx. (8)

The following Theorem establishes a global stability criterion for the reaction-diffusion system.
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Theorem 2.1. Let u* € G C R} be an equilibrium of the ordinary differential system (6) globally
asymptotically stable and V (u) a Lyapunov function.
If DH is a positive definite matriz, where D = diag(dy,da,...,d,),d; > 0,i=1,...,n is the
diagonal matrix of the diffusion coefficients, and H = (%) is the Hessian matriz of V' then
1OUj
E(t) defined by (8) is a Lyapunov functional for the associated reaction-diffusion system (7) and
all bounded solutions u(x,t) that remain in G (for t > 0) approach u* as t — oo.

The proof of Theorem 2.1 could be found in Hsu [2|, for D; = D; for all i,j = 1,...,n. A
proof without this condition could be found in Redheffer et al., however, with the same selfadjoint
elliptic operator of second order for all components of u, assuming that the operator is uniformly
elliptic:

- OV _\ du du 2
g —_— > .
ZZj:a”(x,u) <8ui8uj) 92: 9z, = 6|Vul”,6>0

When a;;(z, u) ( agzavu ) is symetric, it is equivalent to being positive definite.
10U

We modify the Lyapunov function V(u,v) used by Du and Hsu [1] for the system of ordinary

differential equations (1) to obtain a new one and improve the stability results of the reaction-

diffusion system.

e -

We define the following nonnegative function:

Vi = [ e [Ty, here o= 3/,

W(u,0) = Bap[V(u,0)] — 1 = Eap Uuu (Eg;‘*)dg + c/ (’7_7’“*%] 1, ()

where ¢ = (8/u) . We have the following proposition:
Proposition 2.1. W(u,v) is a Lyapunov function for the ordinary system.

Proof The Lyapunov function V(u,v) proposed by Du and Hsu [1] satisfies

V(u v)_aldﬂ+aldﬁ_
U OQudt Qv dt
u—u* " vy
= ()\—au—ﬁv)—i—cu(v—v)(l—a)—
u—u* . . s uU—ut vt —w
= (au™ + pv* —au—pBv)+cpu(v —v*) —— =
u u
u—u*)? u—u*)(v—v* v —v*)?
N U SN U Ut B o S
u u u
_x\2 %2
RS R Ut
u u
Hence, the function W (u, v) satisfies
. oW du  OW dv oV du oV dv
_dra, 9w _ g AR gv
W (u, ) Ou dt * Ov dt zplV (u, 0)] Ou dt + EaplV(u, v)] Ov dt
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u— u*)Z

= —Eaxp[V(u,v)] a(

u u

and equality holds only if (u,v) = (u*,v*). O

First, we remark on a necessary fact for global stability, the boundedness of the solutions
obtained in [1] and [2].
lim w(z,t) < Ao, lm v(z,t) < A a.
t— o0 t— o0

To improve the stability results, we use the modified Lyapunov function for the ordinary dif-
ferential system defined by (9).
We need the following lemma which can be proved using the boundedness of the solution:

a a
(u*)*v* > c(v —v*)? (u? = 2u*u), for all u > 0,v >0, and for all t > Ty > 0.

2
Lemma 2.1. Suppose % > é (1 + 6) (ﬁ — 1), then exist Ty > 0 such that
@

Proof of Theorem 1.3 We consider the Lyapunov functional
E(t) = / W (u(x,t))dz,
Q

associated to the Lyapunov function of the ordinary differential system W (u,v) = Exp[V (u,v)]—1,
where ¢ = (8/p) .
By Theorem 2.1, we need to prove that D (gig‘g) is a positive definite matrix.

Then, it is sufficient to prove that W, > 0 and W, W,, — W2, > 0. After some calculations,
we obtain the following results:

Wou = [V + V] ExplV (u,v)] = (?;*4)2 Exp[V (u,v)] >0,

Waw = W = Vil BaplV (,0)) = C ) i),

(v —v*)? v

Woo = [V2+ Vo] ExplV(u,v)] = |c + Uz] Bzp[V (u,v)] > 0.

02

Hence, the determinant is Wy, W, — W2, =

— EaplV (u,v)]? {C (;? (v —U;W 052* (2*4) - (u—uf*) ¢ (v—u*)}

(v —v*)? (—u? + 2u*u) + c(u*)?v*
e >0,
utv

= Eap[V (u,v)]” [

by Lemma (2.1). Therefore, D (gi‘g;) is positive definite, and F(t) is a Lyapunov functional for
the reaction-diffusion system. The equilibrium (u*,v*) is globally asymptotically stable. [J

3 The Leslie-Gower Model with General Reaction Term

In this section, we extend the global stability results of the Leslie-Gower model with a general
reaction term, given by system (4), by constructing a new Lyapunov function. By the comparison
theorems, we obtained the boundedness of the solutions:
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_ e
T u(e, 1) < (V)7 T o(,1) < Ma

We propose a new Lyapunov function, adapting the one proposed by Zhou and Wei [7], in the
same way as the Leslie-Gower model:

Proposition 3.1. The function

W(u,v) = ExplV? (u,v)] — 1 = Exp {/1: wdﬁJr c/vv (77_77v*)dn} -1,

§1+J

*

where ¢ = (B/p) is a Lyapunov function for the ordinary system associated to (4).

Proof The function W (u,v) satisfies:

We(u,v) = —Exp[V (u,v)]

uc u°

awv—ww62+ﬁw—wflga

and equality holds only if (u,v) = (u*,v*). O

To extend the global stability results of the Leslie-Gower model with general reaction term, we
need the following lemma, which can be proved using the boundedness of the solutions:

2
Lemma 3.1. Suppose % > g (1 + 5) (g — 0') , then there exists Ty > 0 such that

(u*)?7v* > c(v —v*)? (u” — (1 + o)(u*)?)u?, for allu > 0,v > 0, and for all t > Ty > 0.
Proof of Theorem 1.7

The proof of Theorem 1.7 is similar to Theorem 1.3 and we omit some details. We consider
the associated Lyapunov functional of the ordinary differential system:

B (t) = / W (u(a, £))da.
Q
By Theorem 2.1, we need to prove that D (%Zg;) is a positive definite matrix. It is sufficient

to prove that W2, > 0 and W2, W2 —(Wg,)? > 0. After some calculations, we obtain the following
results.

Wi = Exp[V7 (u,v)]

(U _ ].)’LLU(’U,*)U + (u*)Qo'
u20‘+2

> 0, since o > 1,
and the determinant is W2, W2 — (W7, )* =

) 62(1) _ v*)2 [_UQU + (1 + 0') (u*)a ua’] 4 cv* [(u*)20' + (0. _ 1)u0'u*)0']

= E.Ip[va (U, U)] wu20+2¢)2

>0,

by Lemma (3.1) and o > 1. Therefore, D (%Zuvgg) is positive definite, and E°(t) is a Lyapunov
functional for the reaction-diffusion system. The equilibrium (u*,v*) is globally asymptotically
stable in the positive region. [
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4 Discussion and Conclusion

In this work, we propose a method based on constructing new Lyapunov functions for a reaction
diffusion system by modifying a previous one. Given a Lyapunov function V(u,v), we define the
Lyapunov function W(u,v) = Exp|[V (u,v)] — 1, which is positive definite in a greater region of
parameters than the previous one. This allows us to extend the global stability results of reaction
diffusion models of Leslie-Gower type to other parameter regions.

For the Leslie-Gower model, if « = 3, the Hessian matrix of the Lyapunov function V(u,v)
proposed by Du and Hsu [1] is not definite positive when u = %, the upper bound of u. However,
the Hessian matrix of the Lyapunov function W(u,v) = Ezp[V (u,v)] — 1 is positive definite and
therefore the global stability of the equilibrium is obtained when a = 3, by modifying the previous

one. When a < 3, Theorem 1.3 improves Theorem 1.1. It is sufficient that = be large enough

to ensure the global stability criterion by the exponential Lyapunov function. It is valid when
uw— o0 or A — 0.
For the generalized Leslie-Gower, Theorem 1.7 improves Theorems 1.4, 1.5 and 1.6. We

prove that global stability, for K large enough and ¢ > 1, is also guaranteed. However, in all works,

the results are for different parameter values. The asymptotic behaviors of the parameters p and
A are the same.

Leslie-Gower models are used in several ecological and ecoepidemiological models, when the
disease in the species is considered. Establishing a global stability criterion for the Leslie-Gower
type models is important to ensure the co-existence of the species homogeneously in space. There
are no non-constant positive steady-states for the reaction diffusion model. In future work, we will
explore the development of other Lyapunov functions to extend these results.
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