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In public goods games, the principal obstacle to obtaining cooperation is the temptation to
be a free-rider, this is, to benefit from the game without contributing [7]. In order to reduce
defection, incentives are applied [1]; however, rewards or punishment are costly, and therefore,
difficult to implement [4, 5]. To address this problem, one option is to sanction only a subset d of
the defectors in the population; this mechanism, called fractional punishment [3], reduces the cost
while improving cooperation.

Nonetheless, obtaining the resources to implement the punishment remains a challenge. In
this work, in a compulsory public goods game with fractional punishment, a percentage of the
contribution to the public good is set apart for punishing expenses and the effect on the cooperation
of the group is analyzed. Following [2, 6], the payoffs in the game for cooperators and defectors
are as follows:
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where c is the contribution to the game, r is the multiplication factor, n is the number of players,
0 ≤ d ≤ 1 is the subset of defectors punished and 0 ≤ u is the amount discounted from their payoff.
The d subset of the defectors will have their payoff reduced by u while the 1− d subset will obtain
their normal payoff. The frequency of cooperators is represented by x and 1 − x is the frequency
of defectors; since x+ y = 1, the system can be represented with one equation:

ẋ = −x(1−x)(py − px). (3)

In the simulation made using Octave, the payoffs for cooperators and defectors were calculated
for 0 ≤ x ≤ 1. The payoff difference between both strategies is represented by the function
G = py − px. When G < 0 the outcome is full cooperation; if G = 0 both strategies have the same
payoff, and if 0 < G the outcome is full defection. As can be noticed in Figure 1, as punishing
expenses increases, in other words, if the percentage of the contribution set aside for punishment
increases, the payoffs for both strategies decreases; however, higher values of d produce higher
payoffs and full cooperation can be achieved with a lower percentage of cooperation (x) in the
population.
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(a) c = 0.1 (b) c = 0.6 (c) c = 1

Figure 1: Punishing cost with fractional punishment for several values of d and
0 ≤ x ≤ 1. Parameters: u = 1, r = 3 and n = 5. (a) c = 0.1, (b) c = 0.6, and (c) c = 1.

Source: Elaborated by the authors.
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