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Abstract— This paper presents a control design for robotic manipulators with two links. The dynamic model of the manipulator
is obtained in a closed form through the Lagrange equations. The control strategy involves the application of two control signals,
a nonlinear feedforward control to maintain the controlled system in a desired point, and a state feedback control, obtained by
the State Dependent Riccati Equation (SDRE), to bring the system trajectory into at a desired point. The control is realized
through the control of motor voltage. A state-dependent equation is solved at each new point obtained for the variables from the
problem, along the trajectory to obtain a nonlinear feedback controller. Numerical simulations demonstrate the effectiveness of
the control strategy in leading the system from any initial condition to a desired point.
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plained that the design flexibility is the greatest ad-
vantage of using SDRE.

In this paper we propose the positioning control
technique for a robot, with two links, where the mo-

1 Introduction

The main objective of the control of a robot is to ma-  tor torque controls the joint angle tracking. Simula-
nipulate objects precisely, where inputs receive the  tjon was created to assess the control model feasibil-
position and speed that are provided by sensors local- ity and efficiency.

ized at specific points of the manipulator, so then
calculate and apply the necessary force, to perform
the desired movement. 2 Mathematical model

Robotic systems are modeled as linear with re-
spect to parameters as mass, inertia, and damping 2.1 Manipulator model
factors, but this assumption is not valid for the state,
requiring nonlinear control design (Molter et al., ) . .
2010). And of according to (Hashemipour et al., The mathematical modt_al of the robotic manipulator
2013) robotic trajectory control is a very complicated ~ Can be represented by Fig. 1:
problem, due to the coupled and nonlinear system
dynamics.

The presence of nonlinearities and the conse-
quent nonlinear behavior exhibited by robot parts is a
problem that gives rise to serious difficulties in the
kinematics and especially the dynamic modeling,
analysis and control of robotic joints (Cassiano and
Balthazar, 2007).

The SDRE control is among the techniques that
emerged to deal with highly non-linear and complex
systems, such as the control of robotic dynamics (Fe-
nili and Batlhazar, 2009; Korayem et al, 2011). The
procedure to drive the tip position to a desired point
via SDRE technique can consider successive optimal
solutions for static equations and feedback control
stabilized system.

In Huifeng et al. (2011) swinging-up and stabili-
zation problem of a single inverted pendulum on a
cart is considered via SDRE controller and it is ex-

Figure 1. Planar robot with two degrees of freedom (Korayem et
al, 2011)
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The mathematical model of the robotic manipulator
can be obtained through the Euler-Lagrangian meth-
od. The Lagrangian is defined by the equation:

L=K-V )

where K is the kinetic energy and V the potential
energy.
The equations of Euler-Lagrange are expressed by:

7T = ——

1Tt oq, o @
Where z; is the non-conservative generalized force
independent of q;, so every freedom degree of the

system will have a Lagrangian, in other words, a sys-
tem of n differential equations for n freedom degrees.

So the dynamic equations of the system can be
written as:

dllél + dlZéZ + Clzléléz + C211'9.16.’2 +
+ C221‘92)2 th=1 3)

» . -
dy6 +dy0, +C,07 +¢, =7,

Since thatd , ¢ and ¢ are obtained from the fol-
lowing equations:

C11 = Cizp =Cp1p =Cppp =0
Ciz = Cyyy = Cyppy = —M, A4, SIN(G;) 4)
Ci1p = My,8;, SIN(,)
¢ =(ma, +m,a,)gcos(a,) +
+m,a.,gcos(b, +6,) (5)
$, =m,a,gcos(6, +6,)
dyy =m,(af +ag, +2a,a, cos(6,) +
+1,+1, +mal
d,, =d,, =m,(a% +2a,a_,cos(d,) +1, (6)
d,, =m,as, +1,
Considering: x, =6,, x,=6,, X, =6,and x,=0,,

the system (3) can also be represented in the form of
state space:

X=AX)Xx+BX)u, +G @)

Where:

0 g 0 0
C,11 X Ci5 X
0 p 22( 211%4 T Cppp 4) 0 pd220221x4
A= - pdlzcnz X,
0 g 0 0 1 '
Pdy;Ciqp X,
0 0 - pd,,C,nX
- pd21(0211X4 +C121)(4) A
0 0 0
B = - pdzz pd12 G-= p(d22¢1 - d1z¢2)
0 o | 0 '
pd21 - pdll p(_ d21¢1 - d11¢2)

remil by
P=rr—F—"7—"— U =
(d21d12 - dudzz) )

As can be seen, the matrix A depends of the
states, and the controlu, (feedback) that takes the
system to a desired point or orbit can be obtained
considering an application of a SDRE control. Due
the terms of the matrix G are not dependent of the
states, use only the (feedback) control is not suffi-
cient to control this system, so is proposed the intro-
duction of an u, (feedforward) control to maintain
the system in a determined orbit (Tusset et al, 2012).

The feedforward control is obtained from:

up =-G (8)
And the feedback control can be obtained from:
u, =R (X)BT (X)P(X)x 9)

Where P(x) is obtained from the Riccati equa-
tion:

POOAX)+AT(X)P(X)+Q(x) - 10
—P(x)B(x)R*(x)B" (x)P(x) =0 (10)

The matrices Q(x) and R(x) are positive defined
and are determined by the planner considering the
criteria to perform the minimization of the functional:

J :TXTQ(x)x+uI R(X)u,dT (11)
0
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2.2 Mathematical model of the direct
current motor

The motor with independent exci-

tation is shown Figure (2).
Vi \%)
‘ La Rf |
Lf

Figure 2. Motor with independent excitation
(Groover et al, 1986)

Conform Groover et al (1986) a
mathematical representation can be
obtained from equation:

V, = LEJé+[b—R+ Kejé
Ke Ke

Where | is the inertia constant of
the motor, K, the voltage constant, b
the torque constant and R the resistance
of the coil. To effects of simulation one
motor was designed for each link.

(12)

3 Numerical Simulation

3.1 Joint positioning

The objective is determining the control signal
u, which considers the position of the joints in any

initial condition and takes them to a desired position
by minimizing the functional (11).
Considering the parameters of Table 1:

Table 1. Simulation Parameters.

a, a, a. a;,
0.35 0.255 0.175 0.1275
m, m, L I,
1.21799 0.6655 0.012433 0.003606
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And defining the value of the matrices Q(x) and
R(x) as:

100 0 0 O

0 100 O 0 01 O
Q:: R=
0 0 100 O 0 01

0 0 0 100

Because the matrix A(x) changes conform the
states, it is necessary to verify the rank (r) of the
controllability matrix M in every interaction. If
r<4 the controllable matrix A(x) obtained from
last the interaction is utilized, where:

M =[B(x) AX)B(x)

AXNTBM]  (13)

Defining the values of the initial conditions and de-
sired positions conform Table 2.

Table 2. Initial and desired coordinates.

i o,(i) ,3i) 0, (1) 0, (i)
0 0 -1 1 0
1 2 0 -3 0
2 -1 0 0 0

010058-3

The following graphs present the obtained re-
sults. Figure 3 shows the temporal evolution of the
position of joint 1 and Figure 4 his speed. Figure 5
shows the position of joint 2 and Figure 6 his respec-
tive speed.
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Figure 3. Position of joint 1
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Figure 4. Speed of joint 1
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Figure 5. Position of joint 2

t A d
-
“

*

L 4

*sammnn
*

"
= O FPPLLLLY "S“ansmmnnnmanmnn
.

0 5 10 15
t

Figure 5. Speed of joint 2

3.2 Control of the direct current motor

In Table 3 can be seen the values for the motor
of the first link, and in table 4 the values for the mo-
tor of the second link.

Table 3. Parameters of the motor from the first link.

Vinax 340 (V)
. 16.5 (A)
Tnax 14.7 (Nm)
R, 0.54 (Q)
b 2.19(10 )(kgm?s)
Ke 0.89 (Vs/rad)
I 0.012433647 (kgm?)
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In Figure 6 it can be observed the voltage variation to
be applied to the motor of the link 1 to make him
follow the trajectory proposed in Figure 3.

15

10-

> 5
0\."--""L uem noEBEEemsmanen B
O 5 10 15

t

Figure 6. Voltage applied on motor 1
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Table 3. Parameters of the motor from second link.

Vinax 48 (V)
I e 55 (A)
Tmax 2.6 (N m)
R, 0.14 (Q)
b 2.19(10™ )(kgm?/s)
Ke 0.113 (Vs/rad)
I 0.003606449 (kgm?)

Figure 7 shows the voltage variation applied to
the motor of the link 2 to move the same in the trajec-
tory proposed in Figure 5.
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Figure 7. Voltage applied on motor 2

5 Conclusion

In this paper, a nonlinear control technique based
on the State-Dependent Riccati equations applied to
control the position and speed of a two link robotic
manipulator is demonstrated. The graphs shown that
the SDRE technique had success to control the posi-
tion and speed of the two links of the manipulator,
converging to the desired values even though the
non-linearity’s of the model

The values point to point obtained during the
calculation are easily applied to obtain the curves of
the voltage to be applied to the DC motor, which is
responsible to insert the force in to the system.
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