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Abstract— Many studies have been conducted about the structure selection of autorregressive nonlinear
models and some techniques are available for an efficient definition of black-box models that fit the experimental
data set. In spite of the amount of work, few papers clearly consider questions involving the excitation signal.
Random excitation is common, however this is not the general situation in practical applications. In this paper,
some aspects involving the excitation signals are discussed, including both the random and stochastic cases. The
aim is to aware the user about the results that should be expected according to the input signal, and some
desirable excitation characteristics so that the model selection procedures is improved.

Keywords— Nonlinear systems, Identification, Structure selection.

Resumo— Muitos estudos têm sido realizados sobre a escolha de estrutura de modelos não-lineares autor-
regressivos e algumas técnicas estão dispońıveis para a definição de modelos caixa-preta que ajustem os dados
experimentais. Apesar da variedades de técnicas, poucos trabalhos tratam claramente questões envolvendo os
sinais de excitação. Tais textos apresentam comumente o uso de excitações aleatórias, mesmo se sabendo que
esse tipo de sinal não é usual em aplicações práticas. Neste artigo, alguns aspectos envolvendo tais sinais de
excitação são discutidos, incluindo-se os casos determińıstico e aleatório. O objetivo é alertar o usuário a respeito
dos resultados esperados do processo de escolha da estrutura com base no sinal de excitação utilizado, bem
como apresentar algumas caracteŕısticas importantes para que o procedimento de seleção produza resultados
adequados.

Palavras-chave— Sistemas não-lineares, Identificação, Seleção de estrutura

1 Introduction

The structure selection plays an important
role in the nonlinear system identification
and some methods have been developed for
NARX/NARMAX models. The Error Reduction
Ratio (ERR) (Billings et al., 1989) aims to evalu-
ate the influence of each candidate regressor over
the output signal formation in a Least Squares
scenario. This criterion relates the regressor im-
portance in terms of its capacity of explaining the
output variance.

The most of paper uses the ERR strategy
in a scenario where random excitation is as-
sumed (Leontaritis and Billings, 1987; Aguirre
et al., 2002). In spite of the relevant characteris-
tics of the ERR criterion and the important prop-
erties of random signals, it lacks a more profound
study on how the ERR behaves in the statistical
sense. Moreover, the random excitation is not al-
ways proper to be used in practical applications
since many mechanical systems cannot be excited
by such signals. Then, alternative multisinusoidal
signals have been considered for structure selec-
tion (Brito, 2013) but their influence over ERR
should be previously established.

This paper aims to discuss some questions in-
volving the excitation signal for model structure
selection. The data length and sampling effects
on the selection results are discussed. Finally,

the broadband class of excitation is presented and
some desirable characteristics for structure selec-
tion are studied. This enables a proper input de-
sign.

The paper is organized as follows: section I
presents an overview about NARMAX models and
the ERR criterion. Section III shows some exper-
iments involving the structure selection by using
white noise excitations so that conclusions about
the ERR statistical characteristics can be drawn.
Section IV establishes the equivalences between
the multisine and random excitation in terms of
the structure selection efficiency. Finally, some
conclusions are drawn in section V.

2 NARMAX models and structure
selection

There are several mathematical representations
for nonlinear systems available in the literature,
each of them with its own characteristics, as-
sumptions and range of applicability. One of
the most successful is the NARX/NARMAX
model (Leontaritis and Billings, 1985; Chen and
Billings, 1989). These authors showed that, based
on mild assumptions, a wide class of nonlinear sys-
tems can be expressed through a nonlinear recur-
sive discrete formulation written as

yk = F (yk−1, . . . , yk−ny
, uk−1, . . . , uk−nu

), (1)
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where u and y are respectively the input and the
output and nu and ny are the maximum lag for
each signal in the model.

A small subset of this representation is con-
structed through polynomial functions relating
the past states of the discrete signal u and y.
These are called NARX polynomial models and
they can be written as (Aguirre et al., 2002)

yk =
∑d

m=0

∑m
p=0

∑ny,nu

n1,nm
cp,m−p(n1, · · · , nm)×

×
∏p

i=1 yk−ni

∏m
i=p+1 uk−ni

(2)

where d is the polynomial degree and

ny,nu∑
n1,nm

≡
ny∑

n1=1

ny∑
n2=1

· · ·
nu∑

nm=1

. (3)

The NARX polynomial models are linear in the
parameters θ(i,j). Thus, a Least Squares identifi-
cation procedure can be used. This is given by

yk = Ψk−1θ̂ + ξk

=
nθ∑
i=1

θ̂iψi,k−1 + ξk (4)

where the regressor matrix Ψ is constructed with
all the terms of (2). ξ is the estimation residue.

The first problem to be faced during the iden-
tification of a NARX polynomial model is: which
are the necessary regressors in (4) (or the mono-
mial terms in (2)) so that the nonlinear behav-
ior is correctly captured by the model? The an-
swer is not easy to obtain, because both under-
parametrized and overparametrized models can
conduct to very poor output response (Aguirre
and Billings, 1995). Hence, a prior structure selec-
tion step plays key role in the identification pro-
cess.

In this paper, a relevant regressor is denoted
as one that is able to represent the output in a
better fashion than another, based on some crite-
rion. Several criteria can be used for this purpose
(Piroddi and Spinelli, 2003; Kukreja et al., 1999)
and the most obvious is the identification error
provided by each regressor individually. Thus, one
can rank a determined regressor according to its
ability to “explain” the output data when com-
pared to another one. This approach is the ba-
sis of the Error Reduction Ratio (ERR) (Billings
et al., 1989). This ratio is based on the full or-
thogonalization of the regression matrix, so that
the individual importance of each regressor can be
evaluated.

Consider again (4) and an auxiliary model

yk =
nθ∑
i=1

ĝiwi,k−1 + ξk (5)

where the regressors wi are orthogonal over the
data, or, 〈wi,wj〉 = 0, with 〈·〉 denoting the inner

product. It can be shown that

〈y,y〉 =
nθ∑
i=1

ĝ2
i 〈wi,wi〉+ 〈ξi, ξi〉. (6)

Eq. (6) permits to quantify the contribution of
each regressor wi introduced into the model. The
Error Reduction Ratio due to the ith regressor is
defined as

[ERR]i =
ĝ2

i 〈wi,wi〉
〈y,y〉

. (7)

In this way, a criterion to be used for the regres-
sor selection is to choose those regressors that
have the highest ERR. This ratio relates the
importance of the included term to its capac-
ity to explain the output variance (Piroddi and
Spinelli, 2003).

3 ERR and the white noise excitation

Many studies in structure selection of
NARX/NARMAX models are based on white
noise excitation, but few realizations are per-
formed and richer information about the
ERR behavior is not possible (Swain and
Billings, 1998; Mao and Billings, 1999; Piroddi
and Spinelli, 2003; Leontaritis and Billings, 1987).
Then, this paper proposes some statistical exper-
iments to evaluate and discuss the characteristics
of such method.

3.1 Test conditions

To perform the mentioned tests, two different
NARX systems where chosen,

S1 : yk = 0.5yk−1 + 0.8uk−2 + u2
k−1−

− 0.05y2
k−1; (8)

S2 : yk = 0.8yk−1 + 0.4uk−1 + 0.4u2
k−1+

+ 0.4u3
k−1; (9)

The first system was considered in (Piroddi and
Spinelli, 2003), while S2 was studied in (Bonin
et al., 2010). In both papers, these models are
used to test the efficacy of model structure selec-
tion approaches, always based on the white noise
excitation.

For this paper, an initial NARX can-
didate regressor set is obtained by consid-
ering d = 3 and the linear regressors
{uk, uk−1, · · · , uk−3, yk−1, · · · , yk−3} in (2). This
produces a regression matrix with 119 linear and
nonlinear regressors. Along the discussions, these
regressors are coded by their initial position in the
candidate regression matrix. This was done to
render the following tables more compact. Obvi-
ously, only a small set of the initial regressors will
appear along the text and Table 1 presents the
numeric codification of them.
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Table 1: Numeric codification of the regressors.

1. yk 7. yk−3 38. u2
kyk−1

2. uk−1 8. u2
k 43. uku

2
k−1

3. yk−1 9. ukuk−1 44. ukuk−1yk−1

4. uk−2 15. u2
k−1 64. u3

k−1

5. yk−2 21. y2
k−1 65. u2

k−1yk−1

6. uk−3 37. u2
kuk−1 85. y3

k−1

In all the proposed experiments, 100 realiza-
tions of the excitation signals are performed and
the ERR values are obtained for each regressor
and realization. Then, the ERR mean values of
the most important regressors are presented, con-
sidering the 99.73% confidence limits (±3σ).

3.2 Data length

The first question to be answered is if the data
length of a white noise excitation has any effect
over the ERR method. In spite of one can use its
insight, more detailed analysis is necessary. To
test this, the regressor ERR was evaluated for
Gaussian signals with unitary variance and three
amounts of points: 1000, 500, 250 and 100. The
results are summarized in Table 2.

The mean values for ERR along the real-
izations were not considerably modified by the
amount of points N in the excitation. However,
the variance seems to be increased for all the re-
gressors when N decreases, as it could be already
expected. Such high variance levels can make cer-
tain regressors statistically insignificant and the
user should be aware about this, since that use-
less regressors can be selected with basis on false
information provided by only one realization.

For example, one can notice that the confi-
dence limits for the regressor 7 (S1) are bigger
than the mean ERR. This results in a standard
deviation higher than the mean level, an inconsis-
tent conclusion. Although this can be removed by
considering a larger amount of realizations, this
behavior can lead the user to choose an insignifi-
cant regressor if only one experiment is taken to
perform the structure selection.

3.3 Sampling time

Perhaps the most important factor to be consid-
ered in the signal design is the sampling time.
This topic has been discussed in several pa-
pers and many authors presented important re-
sults that show how a wrongly chosen sampling
time can damage the ERR accuracy (Piroddi and
Spinelli, 2003; Aguirre et al., 2002).

A very simple way to see this is to analyze the
following example. Consider a continuous-time
nonlinear system expressed by

dy(t)
dt

= u(t) + bu2(t) + cu3(t)− ay(t). (10)

This equation can be seen as a nonlinear system
modeled by a Hammerstein formulation. Eq. (10)
can be straightforwardly discretized through Eu-
ler’s derivative approximation, and the same sys-
tem can be expressed by the difference equation

yk = (1− a∆T )yk−1 + ∆Tuk−1 + b∆Tu2
k−1

+ c∆Tu3
k−1, (11)

where ∆T is the sampling time. Without loss of
generality, consider a = 0.5 and b = c = 2. Notice
that if ∆T = 0.4, (11) collapses to (9). However,
if ∆T = 0.04 and ∆T = 0.004 the difference equa-
tions become, respectively,

yk = 0.98yk−1 + 0.04uk−1 + 0.08u2
k−1

+ 0.08∆Tu3
k−1, (12)

yk = 0.998yk−1 + 0.004uk−1 + 0.008u2
k−1

+ 0.008∆Tu3
k−1. (13)

Is easy to see that the smaller is the sampling time
the larger is the importance of the regressor yk−1

over the others. In other words, when the sam-
pling time is very low, the model behaves as a
one-step predictor and their data looses almost
all the nonlinear information contained in the real
system. If the ERR is used to rank and select the
most important regressors, it will attribute a level
of more than 0.99 to yk−1 and the other regressors
are almost surely lost.

An empirical, but very effective, result to
choose a proper sampling time for the structure
selection (and identification) is to use ∆T not less
a tenth of the dominant constant time of the sys-
tem to be modeled (Aguirre et al., 2002).

4 ERR and the multisinusoidal excitation

All the results presented in the last section refer
to white noise excitation. This is very common in
papers concerning the identification and structure
selection of NARX and NARMAX models due to
the nice properties that such signal has. Unfortu-
nately, this type of signal is not proper for many
practical identification problems because several
real systems (mechanical, chemical, etc.) cannot
be excited by a pure random signal. Some pseudo-
random signals have been proposed to circumvent
this difficulty, but even in this case some experi-
mental problems can be faced.

The use of broadband signals, where the mul-
tisine signal is included, is an option that has been
successfully used in many applications (Pintelon
and Schoukens, 2001). Due to their strong practi-
cal appeal and the flexibility in choosing a proper
spectral content, these signals can be useful in
many problems, including the structure selection
(Chen and Billings, 1989). The question to be an-
swered is about the necessary characteristics such
that these signals are really applicable. In other

Proceeding Series of the Brazilian Society of Applied and Computational Mathematics, Vol. 1, N. 1, 2013.

DOI: 10.5540/03.2013.001.01.0072 010072-3 © 2013 SBMAC

http://dx.doi.org/10.5540/03.2013.001.01.0072


Table 2: Data length effect on ERR.

N=1000 N=500 N=250 N=100
Reg. ERR Reg. ERR Reg. ERR Reg. ERR

S1

15 0.459±0.165 15 0.453±0.112 15 0.435±0.180 15 0.368±0.228
3 0.304±0.141 3 0.314±0.154 3 0.308±0.221 3 0.308±0.316
4 0.127±0.070 4 0.123±0.084 4 0.125±0.126 4 0.125±0.172
5 0.036±0.030 5 0.036±0.034 5 0.038±0.049 2 0.038±0.148
7 0.021±0.020 7 0.021±0.022 7 0.022±0.039 5 0.022±0.059

S2

3 0.729±0.044 3 0.725±0.071 3 0.721±0.091 3 0.703±0.155
2 0.175±0.044 2 0.181±0.061 2 0.185±0.085 2 0.200±0.136
64 0.056±0.038 64 0.047±0.046 64 0.035±0.044 15 0.027±0.059
15 0.027±0.035 15 0.026±0.039 15 0.028±0.047 64 0.013±0.025
8 0.002±0.002 1 0.002±0.010 1 0.004±0.019 1 0.010±0.036

words, the user should be able to design the sig-
nals so that the structure selection is properly per-
formed. This paper discusses some details such
that the parameters of a multisine signal can be
set for the structure selection purpose.

A multisine signal is defined as

uk =
lmax∑

l=lmin

Al sin
(

2πk
ωs

lω0 + φl

)
, (14)

where Al is the amplitude of the lth harmonic (l ∈
N), ωs is the sampling frequency, ω0 is the mul-
tisine fundamental frequency and φl ∼ U(−π, π).
lmin and lmax are the signal bandwidth cutoffs,
set by the user according to the application. In
spite of the phase is a random number for each
harmonic, one can note that yk is a determinis-
tic signal since this random phase is maintained
constant along the signal realization. The data
length of one multisine signal period is given by
the relation between ωs and ω0, or, N = ωs/ω0.

The first point to be discussed is if a multisine
signal can provide ERR behavior similar to that
provided by a white noise excitation. In princi-
ple, there is no major difficulty according to what
follows. Consider a Gaussian white noise with N
points. In the frequency domain, this signal con-
tains useful power in the entire frequency spec-
trum. This means that if a Fast Fourier Transform
is applied and by assuming a sampling frequency
of ωs, the result – an N-point complex data – will
contain useful power spectra for all the frequency
lines up to ωs/2 (according to the Shannon theo-
rem). Moreover, it is easy to conclude that the
FFT frequency resolution is given by ωs/N. Based
on this information, one can construct a N-point
multisine with similar spectral content by setting
ω0 = ωs/N, lmin = 1, lmax = N/2 and Al such that
both the white noise and the multisine present
the same RMS value. Hence, both the signals are
expected to have the same persistence and “aperi-
odic”behavior for one multisine period. In conclu-
sion, they should provide similar ERR and identi-
fication results if the same problem conditions are
assumed.

To exemplify this, consider the ERR values
from Table 2 obtained through Gaussian white
noise signals with 1000 points. Assume, for in-
stance, a sampling time of 0.1 sec. By applying
FFT to these signals, one will obtain a spectrum
with information between ±10π rad/s. Moreover,
each the frequency lines are separated by inter-
vals of ω0 = ωs/N. Now, take (14) with these
characteristics and set Al such that multisine has
RMS value of 1 (equals to the white noise). Such
multisine signals were applied to the test systems
and the results are summarized in Table 3. As
it was expected, the ERR mean values are quite
similar to Table 2, however the confidence limits
are considerably low. The reason for this is that
the Gaussian white noise is actually produced by
a pseudorandom generator. Besides its good re-
sults for the noise mean and variance, the pseu-
dorandom generator only approximates the signal
whiteness, working better for a bigger amount of
data points.

Table 3: Multisine signal equivalent to a Gaussian

white noise.
S1 S2

Reg. ERR Reg. ERR
15 0.462±0.083 3 0.731±0.048
3 0.315±0.108 2 0.176±0.043
4 0.127±0.056 64 0.054±0.032
5 0.036±0.026 15 0.028±0.029
7 0.022±0.019 8 0.002±0.002

The results indicates that it is possible to de-
sign a multisine signal proper for structure se-
lection through ERR. However, a more detailed
strategy is necessary to design a multisine signal
properly. How should the multisine parameters be
chosen, considering the application practical con-
straints? The answer is explored in what follows.

4.1 Spectral content

The last section pointed out that an N-point mul-
tisine with N/2 excited frequency lines (or harmon-
ics) will behaves similarly to an N-point Gaussian
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white noise with the same RMS value. In other
words, a multisine with Nexc excited frequency
lines has the same persistence that a Gaussian
white noise with 2Nexc points. This information
is the key to set the spectral content of a specific
multisine signal. For example, suppose a multi-
sine signal defined as (14) and consider, initially,
l = lmin, · · · , lmax ∈ N. Consider a multisine with
ωs = 20π rad/s and ω0 = 0.01π rad/s, what results
in a signal of 2000 points. By assuming lmin = 1
and lmax = 1000, the signal has 1000 excited har-
monics. Hence, such multisine is equivalent to a
Gaussian white noise of 2000 points. 100 realiza-
tions of the multisine signals with unitary RMS
value and the characteristics above were applied
to the test systems S1 and S2 and the results are
in Table 4 (Condition 1). Note that the ERR val-
ues are very similar to those in Table 3, but the
variance is smaller as already expected.

More flexible multisine bandwidth can be cho-
sen, but this will result in increasing of the signal
data points when compared to a white noise sig-
nal. To see this, consider now an odd-multisine
whose l in (14) are only odd numbers between
lmin and lmax ( lmin and lmax are also odd num-
bers). Obviously, Nexc = (lmax−lmin)/2 and the
equivalent white noise has 2Nexc points. However,
to produce an odd-multisine with the same spec-
tral content than a “full” multisine, the double of
points are necessary since the even frequency har-
monics are not excited. For instance, consider the
same parameter settings used in the Condition 1
above, but for an odd-multisine. This will give
the same 2000 data points but with only 500 ex-
cited frequency lines. Then, this signal will be ap-
proximately equivalent to a gaussian white noise
of 1000 points, half than the designed multisine.
100 realizations of such multisine were performed
and applied to the test systems (Condition 2 in
Table 4). Once again, the ERR values are very
similar to those in Table 3, but with smaller con-
fidence limits and, in principal, these limits should
be similar. The reason is that the Al amplitude
is higher for this case, then the power spectra ap-
plied to each frequency line is higher. This seems
to have effect on the ERR variance.

As a final experiment, consider an odd-
multisine whose ωs = 20π rad/s and ω0 = 0.005π
rad/s, what results in a signal of 4000 points. By
assuming lmin = 1 and lmax = 1000, it will again
contain 500 excited frequency lines. Note that this
is a narrower bandwidth signal since lmax < N/2.
100 realizations of such multisine were performed
and applied in the test systems (Condition 3 in Ta-
ble 4). The ERR values are very similar to those
in Condition 2, but the confidence limits are still
smaller. This shows that the relation between the
white noise data length and the multisinusoidal
amount of frequency lines should be considered
only as a preliminary design parameter. In all the

cases, however, the multisine input presented bet-
ter selection behavior.

4.2 Harmonic’s amplitude selection

In many moments along this paper, it is consid-
ered that the Gaussian white noise and the mul-
tisine have the same “excitation level”. This was
related to the RMS value but no relation to any
harmonic amplitude Al was provided. This is done
in what follows. The RMS value of a signal xk is
calculated by

xRMS =

√√√√ 1
N

N∑
k=1

x2
k. (15)

For a perfect zero-mean Gaussian white noise with
variance σ2, this results

ξRMS =

√√√√ 1
N

N∑
k=1

ξ2k =
√
σ2 = σ. (16)

Then, the RMS value of a white noise in these
conditions equals its standard deviation.

The RMS value of the multisine expressed as
(14) is given by

uRMS =

√√√√∑
l

(
Al√

2

)2

. (17)

By considering that all the harmonics have the
same amplitude Al = A and that there are Nexc

excited harmonics in the signal, the RMS value
simplifies to

uRMS = A

√
Nexc

2
. (18)

By combining (16) and (18), one can obtain

A = σ

√
2

Nexc
. (19)

In conclusion, a multisine signal with Nexc har-
monics of amplitude A has the same excitation
level of a zero-mean Gaussian white noise with
variance σ2 if (19) holds. This result was used
to adjust the multisine harmonic amplitudes such
that the RMS value was equal to the respective
random signal in the experiments presented in Ta-
bles 3 and 4.

5 Conclusions

This paper presented several considerations about
the excitation signals used for the structure selec-
tion and the identification of NARX/NARMAX
models. This study was performed by using the
Error Reduction Ratio (ERR), one of the most
successful methods for the task.
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Table 4: ERR for different multisine spectral contents.

Condition 1 Condition 2 Condition 3
Reg. ERR Reg. ERR Reg. ERR

S1

15 0.469±0.050 15 0.469±0.067 15 0.475±0.054
3 0.307±0.072 3 0.309±0.081 3 0.304±0.066
4 0.129±0.042 4 0.129±0.011 4 0.126±0.009
5 0.037±0.016 5 0.036±0.019 5 0.037±0.014
7 0.021±0.012 7 0.021±0.016 7 0.022±0.013

S2

3 0.731±0.030 3 0.728±0.034 3 0.729±0.025
2 0.175±0.025 2 0.176±0.022 2 0.176±0.018
64 0.060±0.025 64 0.060±0.027 64 0.063±0.022
15 0.026±0.021 15 0.027±0.004 15 0.027±0.003
8 0.002±0.001 43 0.002±0.013 8 0.016±0.001

Random signals have been used in a lot of con-
texts involving the structure selection and identifi-
cation of nonlinear systems due to their important
properties. However, this study shows that the se-
lection efficiency is strongly related to the signal
amount of points N . As it was observed, the ERR
variance depends on N and regressors with irrel-
evant statistical ERR values can be inadvertently
chosen if only one realization is considered.

In addition, these signals are not always appli-
cable to many real systems due to their strong pul-
sating aspect. Then, other signals should be stud-
ied and an alternative is to use a broadband exci-
tation such as the multisine signals. In this case,
the user is able to select the frequency content
and this paper presented a study of the equiva-
lence between this class of signals and the random
excitation. The guidelines provided herein help
to design a multisinusoidal signal with equivalent
characteristics to a random one. As discussed, the
results are qualitatively valid for the multisine in-
put design. Hence, the user can apply it to per-
form the model structure selection in a practical
application, where a random excitation is not pos-
sible.
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