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Abstract. We are interested here in the application of co-generalized Fibonacci sequences
(0o-GF'S for short), to study some properties of Bernoulli and Genocchi numbers and their
related classical numbers and polynomials. That is, properties of this class of sequences,
allows us to derive new recursive relations for generating Bernoulli and Genocchi numbers,
and their related polynomials.
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1 Introduction

The oco-generalized Fibonacci sequence has been introduced and studied in [4]. Their
properties are also studied in [1], [2]. Particularly, their combinatorial properties are
exhibited in [6]. The preceding connection between the oo-generalized Fibonacci sequence
and analytic and holomorphic functions, has been considered in [2].

Let {v,}nez be an oo-generalized Fibonacci sequence, whose initial values are given
by vg = 1 and v_; = 0 for all j > 1, which is defined by

o0 n
Upt1 = E ajUp—j = g @jUp—j. (1)
Jj=0 Jj=0

The associated generating function is given by

> 1
fz)=) v2" = ;
2w =50

where Q(z) is given by
Q(z) =1 a;z/™, (2)
§=0
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(for more details see [4], [5]). Conversely, let Q(z) be a complex function which is analytic
in open disk D(0; R). Suppose that @ takes the following power series form in D(0; R),

Q(z)=1- Zajsz.
5=0

Since Q(0) =1 # 0, f(z) = 1/Q(z) has a Taylor expansion in a certain disk centered at
0, which is of the form

f(z) = Zvnzn. (3)
n=0

The identity Q(z)f(z) = 1 implies that we have

oo
Un+1 = E QjUn—j,
7=0

for all n > 0, where vg = 1 and v_; = 0 for all j > 1. Hence, {vy, }nez is an oco-generalized
Fibonacci sequence, whose initial values are given by vg = 1 and v_; = 0 for all j > 1.

1.1 Truncated oco-GFS and Bernoulli numbers

The class of Bernoulli numbers {B),},>0 is defined by their associated exponential
generating functions as follows

+oo

t B Btn 4
et—l_Z "l (4)

n=0

The left side of (4) can be written as follows

t 1 =
_ _ E +1
@t 1 = %, where Q(t) =1- ant" y (5)
n=0
. 1 : . : .
with a,, = ————. Using expressions (3)-(1), we derive the following property.

(n+2)!

Proposition 1.1. The Bernoulli numbers are expressed in terms of an co-GFS as follows

B, =n! X vy, (6)

where {vp nez is an 0co-GFS, whose coefficients are a, = — (n > 0) and initial

1
(n+2)!
values are vo = 1 and v_; = 0 for all j > 1.

Expressions (1) and (6), show that the sequence {By,},>0 can be also computed with
the aid of the following recursive relation of infinite order

(n+1)!
1!

(n+1)!

By = (71 + 1)aan + n(n + 1)aan_1 4+ 4 i

an—lBl +

anBo. (7)
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Proposition (1.1) shows that the sequence of Bernoulli numbers {By,},>0 can computed
using the linear recursive relation of infinite order (1). In other words, Proposition 1.1 and
expression (7), offer a new algorithm for computing recursively the Bernoulli numbers.

On the other hands, starting from the combinatoric aspect of the co-GFS, we can also
derive a combinatoric expression of the the sequence of Bernoulli numbers. More precisely,
Proposition 1.1 and Proposition 3.7 of [2], allow us to obtain the following proposition.

Proposition 1.1. The Bernoulli numbers are expressed in terms of the combinatoric
expression of an co-GFS as follows

B, =n! x v, =n! x p(n,0), (8)

where p(n,0) is the combinatoric expression of the co-GFS {vy, }nez, whose coefficients are

an = fm (n > 0) and initial values are vo =1 and v_; =0 for all j > 1, given by
n !
p(0,0) =1 and
(ko +k1+-+kn1)! p & kn—
p(n, 0) = E kolkl - o1 aooall Ce an_117 (9)

ko+2k14-4nkn_1=n
for all n > 1.

In the best of our knowledge the combinatoric expression (8)-(9) of the Bernoulli
numbers are new.

It is well known that there exist a closed connection between Bernoulli numbers and
other important classes of classical numbers such as Genocchi numbers and Euler numbers.
Therefore, Propositions 1.1 and 2.1 can also offer a new process for computing these classes
of numbers, with the aid of the linear recursive process of order infinite issued from the
0o-GFS properties.

1.2 Truncated oco-GFS and Genocchi numbers

The class of Genocchi numbers {Gy, },,>0 is defined by the following generating functi-

ons,
—+00

2l => G " (10)
elt—i-linz0 "nl

The left side of (10) can be written as follows

2t 1 =
= ——, where Q(t) =1 — E ant™ 11
et+ 1 Q(t) Q( ) ~ n ( )
ith a, = 1 Usi i 3)-(1 deri he followi
with a, = RCFIEE) sing expressions (3)-(1), we derive the following property.
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Proposition 1.2. The Genocchi numbers are expressed in terms of an co-GFS as follows

Gnp=n!xXwy_1, forn>1 (12)
1

where {wy}tnez is an co-GFS, whose coefficients are a, = —
initial values are wo = 1 and w—; =0 for all j > 1.

Moreover, linear recursive relation of infinite order (1) and expression (12), show that
Gn+1
(n+1)!
Genocchi numbers, satisfies the following recursive relation of infinite order,

Wy, = (for n > 1). Therefore, a simple computation implies that the sequence of

Gnt1 = (n+ DnaoGp-1+ (n+ 1)n(n — 1)a1Gp—2 + - + (n + 1)a,—1Go, (13)
for every n > 0.

Proposition (1.2) and expression (13) show that the sequence of Genocchi numbers
{Gp}n>0 can be computed with the aid of some recursive relations, issued from the linear
recursive relation of infinite order (1). In other words, Proposition 1.2 and expression (13),
offer a new algorithm for computing recursively the Genocchi numbers.

Moreover, the combinatoric aspect of the co-GFS, can be used for deriving the combi-
natoric expression of the the sequence of Genocchi numbers. Indeed, Proposition 1.2 and
Proposition 3.7 of [2] allow us to obtain the following proposition.

Proposition 1.3. The Genocchi numbers are expressed in terms of the combinatoric
expression of an co-GFS as follows

Gn=n!Xw,—1 =n!xpn-1,0), forn>1 (14)
where p(n,0) is the combinatoric expression of the co-GFS {wy,}nez, whose coefficients

are a, = — (n > 0) and initial values are wy =1 and w—; =0 for all j > 1,

(n+1)!x2
given by p(0,0) =1 and (9), for all n > 1.

It seems for us that the combinatoric expression (14) of the Genocchi numbers is not
known in the literature.

If we set F(t) = a simple computation shows that,

et +1’
F(—t) = =2t + F(t). (15)
Therefore, we have

Go=0, Gi=wyp=1 Gapy1 =0 for n>1and Ga, = (2n)wa,—1, for n>1, (16)

where {vp, }n>0 is the co-GFS defined by (1). Therefore, expressions (15)-(16) allow us to
see that the recursive relation (13), can be reduced to the following

2n +2
G2n+2 Z a23+1 j;]' GQ(n—j) + (2n + 2)!a2nG1. (17)
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There exists a closed connection between Genocchi numbers and other important clas-
ses of classical numbers such as Bernoulli numbers and FEuler numbers. Therefore, Pro-
positions 1.2 and 1.3 can also offer a new process for computing these classes of numbers,
with the aid of the linear recursive process of order infinite issued from the co-GFS pro-
perties. Indeed, consider {B),},>0 be the sequence of Bernoulli numbers and {E,, },>¢ the
sequence of Euler numbers. It is well known in the literature that

Gon =2(1 — 22")Bgn (Genocchi’s Theorem) and Gay, = 2nFEay,_1,
Thus, from expression (14) we derive the following proposition.

Proposition 1.4. Consider {Gy}n>0, {Bn}n>0 and {E,}n>0 the sequence of Genocchi,
Bernoulli and Euler numbers (respectively). Then, we have

2n)! 2n)!
BQn = 2(1(_)2271)11]271_1 and EQn_l = <2n) Won—1 fO’I" n Z 1. (18)
1
where {wy nezis the co-GFS, whose coefficients are a, = T k2 (n > 0) and
n !

initial values are wo =1 and w—_; = 0 for all j > 1.

2 Truncated oco-GFS and Bernoulli polynomials

In the same way did with Bernoulli and Genocchi numbers, is done to the Bernoulli
and Genocchi polynomials and Bernoulli and Genocchi polynomials higher order, but by
lack of space we omitted some results.

The sequence of Bernoulli polynomials { By, (x)}»>0 can be defined in the literature by
various ways. For reason of convenience, we consider the following convenient one based
on the notion of generating function,

tet:l? too "
F(t,2) = — = ZB,L(:U)E. (19)
n=0
From (8)-(19), we show easily that B, = B,(0), for every n > 0.
+oo

Since e'* = E x—'t", expressions (3), (4) and (8)-(9) allow us to derive that
n!
n=0

+o0
F(t,z) =Y Hp(z)t",
n=0

where

P " Vs s " pn—k,0
H,(z) = Z U’“E:Z 7 :Z(k')xk (20)

k+p=n s=0 ) k=0

Therefore, from (19)-(20) we derive the following proposition.
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Proposition 2.1. The Bernoulli polynomials are expressed in terms of the co-GFS as
follows

n n
3 e P
Bn(l‘) =n! x Hn(-T) =n!x UL'S;):S =nl x p(ni's’)lﬁ? (21)
8 s!
s=0 s=0

where Hy(x) is given by (20), p(n,0) (given by (9)) is the combinatoric expression of the

00-GFS {vn}nez, whose coefficients are a, = _(TQ)' (n > 0) and initial values are
n !

vg =1 and v_; = 0 for all j > 1. More precisely, we have the following combinatorial

form of the Bernoulli polynomial

n

Bu(x) = Y (n— k)I({)p(n — k,0)a",

k=0
where the p(n,0) are given by (9).

The first few Bernoulli polynomials can be recovered easily as follows. Since

1 1 1 1
an = —— a1 = —— ay = —— aQa = —— ;.
0 5 @1 G ® og ' 93 120
expression (1) implies that vy = 1; v; = —%; vy = %; vy = 0 and vy = _77%0' Thus, a

straightforward application of expression (21) gives,

1 1 3 1
By(x) =1, Bi(z) =x — 3 By(z) = 2® —x + 6 and Bs(z) = 2° — §$2 + 5%
Moreover, we have
n+1 :Uk n IS—H T
Hpy1(x) = kzovn+1kk! = Unp41 + SZ:(:)U”_S(S—I—l)! = Un+1 +/0 H,(t)dt,

Therefore, we have

Brial@) = (- Dlvr + (14 1) [ 2500 = B+ (1) [ Bt

3 Conclusion

In this work we discuss about the application of co-generalized Fibonacci sequences
(00-GFS for short) in the to study some properties of Bernoulli and Genocchi numbers
and their related classical numbers and polynomials. There are natural questions about
this. Can we derive from results of our preceding papers an asymptotic behavior of the
Bernoulli numbers? And therefore, derive also an asymptotic behavior of Genocchi and
Euler numbers? The computer values show us that the answers is yes. Those are questions
for future works.

DOI: 10.5540/03.2018.006.02.0436 010436-6 © 2018 SBMAC



Proceeding Series of the Brazilian Society of Computational and Applied Mathematics, v. 6, n. 2, 2018.

Referéncias

[1] B. Bernoussi, W. Motta, M. Rachidi, and O. Saeki, Approximation of co-generalized
Fibonacci sequences and their asymptotic Binet formula, The Fibonacci Quarterly 39
(2001), no. 2, 168-180.

[2] B. Bernoussi, W. Motta, M. Rachidi, and O. Saeki, , On periodic oo-generalized
Fibonacci sequences, he Fibonacci Quarterly 42 (2004), no. 4, 361-367

[3] F.Dubeau, W. Motta, M. Rachidi, and O. Saeki, On weighted r-generalized Fibonacci
sequences, The Fibonacci Quarterly 35 (1997), no. 2, 102-110.

[4] W.Motta,M. Rachidi, and O. Saeki, On oo-generalized Fibonacci sequences, The Fi-
bonacci Quarterly 37 (1999), no. 3, 223-232.

[5] W.Motta,M. Rachidi, and O. Saeki, Convergent oco-generalized Fibonacci sequences,
The Fibonacci Quarterly 38 (2000),no. 4, 326-333.

[6] M.Mouline and M. Rachidi, , co-Generalized Fibonacci sequences and Markov chains,
The Fibonacci Quarterly 38 (2000), no. 4, 364-371.

DOI: 10.5540/03.2018.006.02.0436 010436-7 © 2018 SBMAC



